J e, e O - =2

1 | Contract- DAJAAS-87-M- 0296 .
| o

$ —

LH
N

f S
| | g
' i
! | 2  NONLINEAR FILy¢: ™
r ' AiNnD
?

l APPROXIMATION

| : TECHNIQUES
* | Dr. E. Pardoux
\F l Final Report
q ' — C'ctober 1988 —
L
| DTICA
: ‘ SDEC 01188
E

r ’ l‘ﬁé,';;;

l INRIA  Scphia--Aat'polis

N

| 1 88 12 1 1]
1V R .




Unclassified .- A 7
SRV A CATON OF THR PAGE o DAR02AS/
Form Approved
REPORT DOCUMENTATION PAGE ?xalmeom-%afm
1a REPORT SECURITY CLASSIFICATION b RESTRICTIVE MARKINGS
Unclassified

23 SECURITY CLASSIFICATION AUTHORITY

3. DISTRIBUTION / AVAILABILITY OF REPORT
Approved for public release; distribution

2b_ DECLASSIFICATION / DOWNGRADING SCHEDULE unlimited

4. PERFORMING ORGANIZATION

REPORT NUMBER(S) 5. MONITORING ORGANIZATION REPORT NUMBER(S)
R&D 5833-MA-01

78153 Chesnay Cedex
France

6a. NAME OF PERFORMING ORGANIZATION 6b. OFFICE SYMBOL 7a. NAME OF MONITORING ORGANIZATION
L.N.R.I.A (If applicable) European Research Office
T USARDSG-UK
6¢. ADDRESS (City, State, and ZIP Code) 7b ADDRESS (City, State, and ZIP Code)
B.P. 105 . Box 65

FPO NY 09510-1500

8a. NAME OF FUNDING / SPONSORING 8b. OFFICE SYMBOL | 9. PROCUREMENT INSTRUMENT IDENTIFICATION NUMBER
ORGANIZATION (if applicable)
European Research Office DAJA45-87-M-0296
8¢. ADDRESS (City, State, and ZIP Code) 10. SOURCE OF FUNDING NUMBERS
PROGRAM PROJECT TASK WORK UNIT
Box 65 ELEMENT NO. ] NO. NO ACCESSION NO
FPO NY 09510-1500 611034 1L161103BH§7 05
11. TITLE (Include Security Classification)
(U) Nonlinear Filtering and Approximation Techniques
12 PERSONAL AUTHOR(S)
Dr. E. Pardoux
13a. TYPE OF REPORY 13b TIME COVERED 14 DATE OF REPORT (Year, Month, Day) |15 PAGE COUNT
Final FROM __ 1986 T1O0 1988 October 1988 161
16. SUPPLEMENTARY NOTATION
17. COSATI CODES 18 SUBJECT TERMS (Continue on reverse if necessary and identify by block number)
FIELD GROUP SUB-GROUP A
12 01 dT -
17 08 !

N

nonlinear filtering.
it is shown that the
within an appropriat

existence of finite

approximate finite d
Compared two algorit

algorithm and the ot
likelihood function i

19. ABSTRACT (Continue on reverse if necessary and identify by block number) [
> This research concerned the theory of nonlinear filtering and numerical approximatiop in

that all coefficients are bounded and smooth. These coefficients are allowed to depend on
the history of the observed process 2)/ Developed a Lie algebraic criterion for the non-

imate solution of Zakal's stochastic partial differential equations; 6)5’Developif ’9/,/
5)

estimation in partially observed diffusion processes.~ One of the algorithms is an EM

The following results were obtained: 1).ZUnder very general cgnditions,
conditional density in nonlinear filtering is the unique solutjon,
e class of functions, of the Zakai equation. The main conditioh is

dimensional filtersj 3)% Studied numerical methods for the approx-

'

imensional filters for highMsignal to noise™Pratio problems,
hms for maximizing the 1ikelihood function associated with parameter

her is based on the usual approach pf computing and maximizing the
tself. This task yfelds to a compatison of nonlinear smoothing and

0 UNCLASSIFIED/UNLIMITED

20. DISTRIBUTION / AVAILABILITY OF ABSTRACT 21 ABSTRACK SECURITY CLASSIFICATION

.

Kl same as reT B oric users |  Unclagsified

22a NAME OF RESPONSIBLE INDIVIDUAL

22b TELEPHONE (Include Area Code) ] 22¢ OFFICE SYMBOL

Dr. G.R. Andersen - 01-40p 4423 AMXSN-UR~RP
DD FORM 1473, 84 MAR 83 APR edition may be used until “"‘U“e‘f SECURITY CLASSIFICATION OF THIS PAGE

All other editions are obsn'ete

L--. (f Unclassified
[lLe) &




. g

CONTENTS

Introducticn

Enclosed papers:

1.

MLE for Partially Observed Diffusions.

A Unicity Theorem for Zakai's Equation.

Piecewise Linear Filtering with Small Observation
Noise.

Filtres Approches pour un Probleme de Fitrage
Nonlineaire Discretise avec Petit Bruit D'Observation.

Refined and High-Order Time Discretization of Nonlinear
Filtering Equations.

A Lie Algebraic Criterion for Non-existence of Finite
Dimensionally Computable Filters.




S~

M i

Acceasion For

NTIS GRA&I
\ DTIC TAB
Sy Unannounced
‘Q éyr Justification |
Contract DAJA 45-87-M-0296 ]?1 "
stribution/

Availability Codes
Aval} and/or ]
FINAL REPORT Dist Special

A’ / ! (
A) RESEARCH

The following results have been obtained by the contractors. Since all of them are con-
cerned with the theory of - or numerical approximations in - nonlinear filtering, we first
recall briefly what the problem of nonlinear filtering is.

Let {X,Y:;t > 0} be a pair of stochastic processes (for the sake of simplicity of the
exposition, all the processes below will be one-dimensional) satisfying :

Xi=Xo+ f(X,)ds + ‘ 9(X,) dW,

(0.1) . /o '/0

Y, =/ h(X,)ds + oV,
0

where {W}, V;;t 2 0} are two standard Wiener processes, which we shall mostly suppose to
be independent, and X is a random variable independent of {W¢, V;;t > 0}. The process
{X:} is unobserved. We observe {Y;}, and seek to estimate X, given the information
available at time t, i.e. given Yy = 0{Y,;0 < s < t}.

Note that the choice of the above model means that we have choosen {X;} to be a
continuous Markov process, and that we observe :

Ye = h(Xt) + O'Eg

where {{}, the observation noise, is a white noise. The assumption that the observation
noise is white (i.e. “6-correlated”) is crucial : it is the only case which can be solved
(besides those which can be reduced to that one via appropriate transformations). The
above model is obtained by applying the transformation :

t
Yt=/ ysds
0

The reason for this is to avoid the handling of generalized processes (white noise is
not a process in the ordinary sense). However, in the case where the observation noise {¢;}
and the signal {h(X,)} are independent, the theory of nonlinear filtering has been recently
developped in the white noise setting, i.e. using {y.} (and not {Y;}) as the observed
process, see Kallianpur-Karandikar 7).




Going back to our model, the "best” estimate of any function of the unknown r.v. X;
say ¢(X¢) based on ), is the conditional mean :

E[$(X1)/ V]

and computing that quantity for “any” function reduces to computing the conditional law
of X, given );. Assuming that this conditional law has a density ¢(t, z), it is well known
(see e.g. Pardoux [13]) that g(t,z) = (fgp(t,7) d:z:)—1 p(t,z) where the “unnormalized
conditional density” p(¢,z) solves the following stochastic partial differential equation,
called Zakai’s equation :

dip(t,z) =L*p(t, z) dt + h(z)p(t,z) dYi, t > 0

(0.2)
P(0,z) =po(z)

where po(z) is the density of the law of X, and L*, the “backward generator” of Xj, is
the adgoint of the “forward generator”:

Y.
L_Eg (z)dl'z +f(z)d$

Note that at each time t, p(t,-) is a (random) function of z, i.e. a (random) element of an
infinite dimensional space. This is of course a serious problem for practical algorithms.

Let us now describe the results which we have obtained during the period covered by
the present contract.

1) A uniqueness theorem for Zakai’s equation

It is of interest to give conditions under which the “unnormalized conditional density” is
the unique solution of equation (0.2), within a certain class of processes. Such a uniqueness
result is obtained by M. Chaleyat-Maurel, D. Michel, E. Pardoux [3], under the condition
that the coefficients f, ¢ and h be bounded and smooth (they are allowed at each time ¢ to
depend on the past of the observed process {Y,}, which is very important for applications
in stochastic control); the two Wiener processes {W;} and {V;} in (0.1) are allowed to be
correlated.

The uniqueness was known until now only under additional restrictions, either the
non degeneracy of L, or the independence of {W;} and {V;}. Note that in the latter case,
uniqueness is known to hold even with an unbounded observation function A.
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2. Non existence of a finite dimensional optimal filter

We noted above that the solution of Zakai’s equation takes values in an infinite dimensional
space. It could in fact happen that the solution varies only in a finite dimensional subspace
of that infinite dimensional space.

This is indeed the case in all the situations where a finite dimensional optimal (or
“exact”) filter is known to exist, i.e. in the linear case and in a few extensions of the linear
case, see Haussmann-Pardoux [6].

It has been conjectured at the beginning of this decade, and then rigorously proved
that under some mild conditions which are satisfied in most nonlinear situations, there
is no finite dimensional equation driven by the observation such that the conditional law
would be a function of its solution.

This means essentially that the solution of Zakai’s equation does not stay in any finite
dimensional space, or that its probability law fills in the function space in which it lives.
Such a property is very close to the kind of properties which can be proved for (finite
dimensional) stochastic differential equations via the Malliavin calculus.

Ocone [4] has developped a Malliavin calculus analysis of stochastic partial differen-
tial equations and applied it to nonlinear filtering. Ocone and Pardoux [5] improve the
application to nonlinear filtering, in that the criterion is much easier to check on practical
examples.

3. Time discretization of Zakai’s equation

The research reported in the previous section shows that, in most cases, there is no chance
that the solution of Zakai’s equation can be solved by means of a finite number of statistics
built from the observation process. Therefore, it is worth studying numerical methods
for the approximate solution of Zakai’s equation, i.e. the stochastic partial differential
equation:
dp; =L"*p; dt + hp, dY;
Po =p

Moreover, this could provide a reference method with which to compare some approximate
nonlinear filters such as those described in the next section.

Le Gland [9] has studied the problem of time-discretization. The idea is to use some
kind of Trotter product formula and then to study the rate of convergence with respect to
the time step At.

Let 0=t <---<t; <--- <ty =T be a uniform partition of [0, 7] with time step
At.

A first scheme is the following :

At
Pi+1 = exp(hAY; ~ "2-’12) FpApi
where AY; =Yy, —Y;; is the way the observation process is used, and P}, is the semi-
group with generator L*. It is proved that :

{E/ |pi(z) — p(ti, 2)? dl‘-}m < CAt

3




The second scheme is:
N At . At ,.
Pi41 = exp(hﬁf - Thz)‘I’At(PAt)exP(hff - —4"‘2)1%'

where ¢! = vl :._"“(s —t;)dY, and £ = 3; f::'“ (ti41 — s) dY, are the way the observation

process is used (note thaté! + £ = AY;) ®5.(PZ,) is a perturbation, depending on the
function A, of the semi-group PX,. With a suitable choice of ®4,(-), it is proved that :

1/2
{E/|13i(1¢)-P(t‘s,-‘t)l2 dz} < CAB/?,

The interest of such product formulas is that the deterministic part and the stochastic
part have been decoupled. In particular, the next steps (approximation of the semi-group
PJ,, and space-discretization) can be handled quite easily. Moreover, a probabilistic in-
terpretation is available for the two numerical schemes described above.

4. Nonlinear filtering with high signal-to-noise ratio

Since the optimal filter is usually infinite dimensional, it is of practical importance to
find good approximations in low dimension for certain classes of problems. One class of
this kind is the class of problems with high signal-to-noise ratio, or in other words small
observation noise, i.e. ¢ in (0.1) is “small”. More precisely, we are looking for approximate
finite dimensional filters, wich have a good behavior as 0 — 0.

This problem has been first considered by Katzur, Bobrovsky, Schuss [8] in the case
where h is one-to-one. In that case, the filtering problem becomes trivial as 0 = 0, i.e. the
process {X,} is completely observed, and the variance of the conditional law is zero.

When o > 0 is small, one may expect that the variance of the conditional law is small.
Then, if X, = E(X,/):), X: and X, are close, and consequently :

F(Xe) 2f(X) + F1( X)X — Xo)
9(X¢) ~g(Xy)
h(X.) zh()?,) + h'(Xt)(Xl - Xt)

But if we replace f(X,), ¢(X,) and h(X:) in (0.1) by their above approximations, we
transform (0.1) into a linear filtering problem, which has a finite dimensional solution,
namely the Kalman filter (which is the eztended Kalman filter for (0.1) ).

The above considerations tend to indicate that the extended Kalman filter (or possibly
other types of approximate filters) might give good results as o is small. This has been
precisely formulated and rigorously proved by Picard [15] and then by Bensoussan [1] using
a simpler argument.

Some new results have been obtained more recently.




4.a Nonlinear filtering with high signal-to-noise ratio in discrete time

Consider a discrete-time version of (0.1), i.e. :

Xis1 =Xi + f(Xi) At + VAt Wiy

Y =hX; + I;T—t Vi

Note that we are in the case ¢ = 1, k linear. If we let ¢ — 0 while At is kept fixed, clearly
there is no reason to use a more clever filter than the very simple estimate :

(4.1)

Xk = h-lyk

i.e. we use only the last observation. On the other hand, if & and At tend to zero together,
and we specify a relation of the form At = 6% (a > 0), one may expect to obtain a discrete
time analog of Picard’s result, i.e. one can show that the filter :

Xk+1 = Xi + W(Xy)At + 7(Yk+1 - hXiy1)

has a “good” behavior for o, At small.
This has been show in Milheiro [10]. This result will be very useful for numerical
implementation of Picard’s filters.

4.b Piecewise linear filtering with high signal-to-noise ratio

Suppose now that again ¢ is small, but now f and h are continuous and piecewise
linear, while g = 1. If h is one-to-one, we can apply Picard’s result. But we are specifically
interested in the case where h is not one-to-one, i.e. for example :

h_z, fz<0
h(z) = {h+x, ifz>0

with h h_ < 0. Suppose for simplicity that f = 0. If hy = —h_, clearly the conditional
law of X, given ) is symetric around zero and there is nc way to get a really good
estimate of X;. On the other hand, if hy # —h_, for 0 = 0 X, is completely observed
from {Y,,0 < s < t} since the sign of X, can be recovered from the quadratic variation
of Y;. Therefore, one may expect that, for o small, the variance of the conditional law is
small, and that E(X./)}) is well approximated by the output of the two Kalman filters
corresponding to h(z) = hyz and h(z) = h_z.

Fleming, Ji, Pardoux (5] show that from the outputs of the two Kalman filters cor-
responding to h(z) = hyz and h(z) = h_z, one can Jefine a test statistics, in order to
decide the sign of X; and consequently which of the two Kalman filters gives currently
a good estimate of X;. Note that the fact that one of a bank of Kalman filters gives a
good estimate of X, is true only in the case of a high signal-to-noise ratio. Without that
hypothesis, a completely different approach has to be taken, see e.g. Pardoux, Savona [14],
Savona [16).

T
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5. Parameter estimation : The EM algorithm

We consider the following situation :

dX; =be(Xe) dt + o(X:) dW,
dY; =he(X,) dt + dW,

with independant Wiener processes, and we assume that the law of X, has a density ps.
The problem is to estimate the unknown parameter 6, on the basis of the observation
of {Y;}. It can be shown that the likelibood function for this problem can be computed
using the solution of the corresponding Zakai equation. An alternative approach, the EM
algorithm, has been considered by Dembo-Zeitouni [4] : it is an iterative algorithm where
at each iteration, a new auxiliary function of the parameter is computed and maximized.

Campillo-Le Gland [2] have shown that the computation of this auxiliary function
involves the solution of a nonlinear smoothing equation and also some recent results on
stochastic integration with anticipating integrands due among others to Nualart and Par-
doux.

Some numerical experiments have been made which show that, whenever some noise
intensities in the system are small, the EM algorithm converges very slowly. Time dis-
cretizations of the stochastic partial differential involved have been proposed.

B) TRANSFER TO US

E. Pardoux has given a series of “distinguished lectures” at the Systems Research
Center, Univ. of Maryland on the applications of the Malliavin calculus, and A. Bensoussan
on Nonlinear filtering and stochastic control with partial observation.

F. Campillo has presented the results on the EM algorithm at the IEEE CDC in Los
Angeles (December 1987).

E. Pardoux has presented some results on nonlinear filtering with high signal-to-noise
ratio at the conference in the honor of W. Fleming, at Brown University (April 1988).
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Abstract

Two algorithms are compared for maximizing the likelihood function associated with param-
eter estimation in partially observed diffusion processes

e the EM algorithm, investigated by Dembo and Zeitouni {2], an iterative algorithm where,
at each iteration, an auxiliary function is computed and maximized,

e the direct approach where the likelihood function itself is computed and maximized.

This yields to a comparison of nonlinear smoothing and nonlinear filtering for the computa-
tion of a class of conditional expectations related to the problem of estimation (Section 3). In
particular, it is shown that smoothing is indeed necessary for the EM algorithm approach to be
efficient.

Time—discretization schemes for the stochastic PDE’s involved in the algorithms are given,
and the link with the discrete-time case (hidden Markov model) is explored.

Numerical results are presented (Section 6) with the conclusion that direct maximization
should be prefered whenever some noise covariances associated with the parameters to be esti-
mated are small.

Keywords: parameter estimation, mazimum likelihood, EM algorithm, diffusion processes,
nonlinear fiitering, nonlinear smoothing, Skorokhod integral, time-discretization.
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1 Introduction: the EM algorithm

The EM algorithm is an iterative algorithm for maximizing a likelihood function, in a context
of partial information [3). Indeed, let (P : 6 € ©) be a family of mutually absolutely continuous
probability measures on a measurable space (2, F), with Py ~ R and let Y C F be the o-algebra
containing all the available information. Then, the log-likelihood function for the estimation of
the parameter ¢ can be defined as

1) 2 10gEx (219) | 1)

and the MLE (maximum likelihood estimate) as

be arg max L(#6) .

The EM algorithm is based on the following straightforward application of Jensen's inequality
dPp, dP,
L(6) - L(#) = log B (7% | ¥) 2 By (o 722 | ¥) £ Q0,9) , @
dPy dPy

which gives, for each value 6 of the parameter, a global minoration of the log-likelihood function
6 — L(#) by means of an auxiliary function 8 — L(#') + Q(4,8'), with equality at # = §'. The
algorithm iterations are described by the following steps

p =0, initial guess 8o,

set § = 5,,

(E-step) compute Q(:,¢’'),

(M-step) find 8,41 such that Q(8p41,6') > Q(6,8’) for all 6 € O,

if a stopping test is satisfied,
then set final estimate 6* = 6,,,,
else repeat from step 2 with p=p + 1.

LA L o

An interesting feature of the algorithm is that it generates a maximizing sequence {5, 1p=
0,1,---} in the sense that L(a,“) > L(i,) unless 3}“ = 5,. Some general convergence results
about the sequences {L(f,) : p = 0,1,---} and {6p : p=0,1,---} are proved in [13], under
mild regularity assumptions on L(-) and Q(-,-) - see also [2, Theorem 2]. To prove the existence
of smooth enough - in the a.s. sense — versions of § — L(6) and (8,8') — Q(8,6’), as well as to
get the expression of the corresponding derivatives, one can rely e.g. on (12, Lemma 1].

To decide whether this algorithm is interesting from a computational point of view, the
following three questions should be answered
[E] how ezpensive is the computation of the augziliary function Q(-,6') ¢
[M] how easy is the mazimization of the auziliary function Q(-,#') ¢

[EM] how fast is the convergence of this sub-optimal iterative algorithm towards the
MLE ¢




"

In [2], the EM algoritbm has been applied in the context of continuous-time partially ob-
served stochastic processes. In the particular case of diffusion processes, the general expression
of Q(8,6') has been derived and said to involve a nonlinear smoothing problem. The purpose of
this work is to address the following three points

e discuss the expression in [2] giving Q(8,#') in terms of a nonlinear smoothing problem -
this will involve generalized stochastic calculus (Skorokhod integral).

o get an equivalent expression, in terms of a nonlinear filtering problem, for Q(6,6') and its
gradient V1°Q(4, ') - it will turn out that smoothing is indeed necessary for the point
[M] introduced above to be satisfied, although filtering is enough to compute Q(8,#’) for
a given pair (6, ¢').

e get similar expressions for the original log-likelihood function L(#) and its gradient VL(#8).

This will allow to compare, from a computational point of view, the two possible methods for
maximum likelihood estimation

e direct maximization of the likelihood function [4],

e the EM algorithm.

In particular, the point [M] will receive a positive answer, which is indeed the main motiva-
tion for the EM algorithm. On the other hand, it will be proved that computing the auxiliary
function Q(-,8’) is a more heavy task than computing the original log-likelihood function L(-).
As for the point [EM], numerical examples will show that the convergence of the EM algorithm
may be very slow. This typically occurs in those cases where, for each # € © the function
L(8')+ Q(-,8') is very sharp below the log-likelihood function L(-). In such cases indeed, maxi-
mizing the auxiliary function does not allow to update significantly enough the current estimate
at each M-step.

The statistical model is presented in Section 2, where expressions are given for L(6), VL(4),
Q(8,6") and V10Q(8,#') in terms of conditional expectations. It turns out that the last three
expressions all belong to a certain class of conditional expectations. Two methods are then
proposed in Section 3 for the computation of conditional expectations in this class - one based
on nonlinear filtering, the other on nonlinear smoothing and involving generalized stochastic
calculus (Skorokhod integral). These results are applied in Section 4 to the computation of
L(6), VL(6), Q(9,6') and V10Q(6,#’) in terms of nonlinear filtering and nonlinear smoothing
conditional densities. Section 5 is devoted to the time-discretization of the stochastic PDE’s
introduced in Section 4, and the link with MLE of parameters in partially observed Markov
chains (hidden Markov models) is explored. A numerical example is presented in Section 6, and
the influence of noise covariances is investigated.
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2 Statistical model

In this section, expressions for the log-likelihood function L(-) and the auxiliary function
Q(-,-) will be derived in the following context [2, Section 3)].

Suppose that on a measurable space (2, F) are given

e a family (Py : 8 € ©) of probability measures,

e a pair of stochastic processes (X; : t > 0) and (Y; : t > 0) taking values in R™ and R¢
respectively,

such that under P

dX, = by(Xe) dt + (X)W , Xo ~p3(-), ®3)
dY: = he(X:)dt + dWe ,

where (W? : t > 0) and (W, : t > 0) are independent Wiener processes, with covariance matrix
I and r respectively, and the pair is independent from the r.v. Xj.

The following hypotheses are made

(Hy) o() is a continuous and bounded function on R™ such that a(-) 2 o0*(:) is a
uniformly elliptic m x m matriz, i.e. a(:) > al,

for all @ € © open subset of R? (the set of parameters)
(H2) p3(-) is a density on R™,
(H3) bg(:) is @ measurable and bounded function from R™ to R™,
(H4) he(+) is a measurable and bounded function from R™ to RY,

and in addition

(Hs) the probability measures on R™ with densities (p5(-) : 8 € ©) are mutually
absolutely continuous.

Moreover, it is assumed that p§(-), bg(-) and hg(-) are continuously differentiable with respect
to the parameter # and that, for all § € © the derivatives Vby(-) and Vhg(-) are measurable and
bounded functions from R™ to R™ and R respectively (throughout this paper, V will denote
the derivation with respect to the parameter ).

The existence and uniqueness of a weak solution to the stochastic differential equation (3)
follows from hypotheses (H, — Hj). If moreover hypotheses (H4 — Hs) hold, then for all T > 0,
(Py : 8 € ©) when restricted to (0,7] are mutually absolutely continuous probability measures
on (R, F) with Radon-Nikodym derivative

a dP,




oy

P T ¢
= B (Xo)- exp { |} o) = bo (Xl a™ (X )o (X,) @
Do Y -
-%‘/0 [bﬂ(xa) - bo'(X.)]'ﬂ-l(Xa)[bo(Xa) - bO'(X:)] d‘}
T
exp { |} ha(x) - ho(x2)r W

3 [ o) = b (K~ he(XK) = hr(X,) ds} :

Consider also the probability measure P,' defined on (2, F) by

dP, T . - T . -
z’éd_}éﬂxp { [) hy(X,)r~1dY, — § /0 hg(X,)r ‘ho(X.)da} )

so that, under P}
dXy = bo(Xe)dt +o(Xe)dWe ,  Xo~p8(),

where (W : t > 0) and (Y : t > 0) are independent Wiener processes, with covariance
matrix I and r respectively, and the pair is independent from the r.v. X,. The Radon~Nikodym
derivative Agsr can then be decomposed as

. a dP}
Agg = ALVEF , with A;O’ = :i?:- .
a'

It is assumed that only (Y; : 0 < t < T) is observed. Let (J: : 0 < t < T) denote
the associated filtration. The likelihood function for the estimation of the parameter 8 can be
expressed as

E! (% | yr) = EL(2°A}, | V1)

with the particular choice R = P} (a fixed in ©) in (1). By Bayes formula
EL(2°A}, | V1) = E{(Z* | ¥r) - El (AL, | Y1) = E}(2° | Ir)

since A}, is independent of Yr under P}. This gives the following expression for the log—
likelihood function L(-)

L(6) = 10g EY(Z’ | ) - @)
For the auxiliary function Q(-,:) defined by (2), one has immediately

EL (A2 | yr)
E}L (2% | yr)

Q(0,0) =Ee(M* | ¥r) = (6)

where

X £ logAep




W

ﬂ%(&H/W%)MWW“kaMW )
_4WL)MMW‘WWMU b (X.)) ds

+ ) Bld) = he ) ]
~} [ BaCK) ~ B (KT~ {he(Xe) = he (K] do

Under additional regularity asumptions on the data p§(-), be(-) and hg(-), it is easy to prove,
using results in [12], that both 8 — L(6) and 8 — Q(6,6') have a.s. differentiable versions, with

gradients given by
E;(X°Z° | r) ®)
t 76 !
E}(2° | Jr)
E (2| yr)
EL(2° | yr)

VL) = E(\’ | Y1) =

V9Q(8,6') = Eg(M | Yr) = , (9)

respectively, where
’\0 g VI,O lOg AO.O’ = VI,OAO,O'
9 T T
- Z;?(X«)H | mhxara (xetX) aw! + [ (Vh(X)1 dWE (10)
(]

is independent of #'.

Remark. One can check from (8) and (9) that
VH0Q(0,8) le=s= VL(#')

as expected.

In the next section, two different methods will be given ~ by means of stochastic PDE’s
~ to compute the various quantities introduced so far: L(8), VL(8), Q(8,6') and V°Q(6,¢').
This will make possible the numerical implementation of algorithms for the maximization of the
likelihood function. ,




3 Smoothing vs. filtering for the computation of a class of
conditional expectations

For the sake of simplicity, any reference to the parameter § will be dropped throughout this
section. In particular, P will denote the probability measure under which
dXt = b(Xt) dt + U(Xt) dm ’ Xo ~ pO(') s
dY; = h(X;)dt + dW, ,
where (W; : 0 <t < T) and (We : 0 <t <T) are independent Wiener processes, with
covariance matrix / and r respectively, and the pair is independent from the r.v. Xg, whereas

under Pt
dXe = b(X¢) dt + o(X) dW, Xo ~po() »

where (W; : 0<t<T)and (Y; : 0 <t <T)areindependent Wiener processes, with covariance
matrix I and r respectively, and the pair is independent from the r.v. Xo. Therefore P = Zr- Pt,
where the process (Z; : 0 <t < T) is defined by

Z, = exp { /0 ‘Xt - b /0 ' h'(X.)r"‘h(X,)ds} .

The purpose of this section is to provide two different methods — one based on nonlinear filter-
ing, the other on nonlinear smoothing ~ for the computation of the following class of conditional
expectations

AéE(p(xo)+ /; T €(X,) ds + /0 T (X.) dW, + /0 T (X2)o(X,) W, | yT) .

where 3, €, n and x are measurable and bounded functions from R™ to R, R, R? and R™
respectively. It is readily seen from (6-10) that the computation of either VL(8), Q(8,6’') or
V1.9Q(9,6') involves such conditional expectations.

It is clear from the definition that A depends linearly on (B, £, 7, x). It will turn out that non-
linear smoothing is the only way to make this dependence explicit, although nonlinear filtering
- which is simpler - is enough to just compute A.

Rewriting A as
T T
A = E(B(Xo) | J’T)+/o E(¢(X,) — n*(Xo)h(X,) | Yr)ds + E (/o 7°(Xs WY, | )’1)
T
+E ( /o x*(X,)o(X,)dW, | J’r) ; (12)

one would like to interchange conditional expectation and stochastic integral in the third term
of (12). However, the resulting expression

T
« [ EGrx) 1 3n)av,” (13)
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is not an Itd integral, since the integrand is obviously not adapted to the filtration ()} : 0 <t <
T), and needs to be given a rigorous meaning. Although the natural generalization of It5 integral
that allows anticipating integrands is Skorokhod integral, it will be proved in Proposition 3.3
below that the correct statement is

T T
E ( /o 7"(X,)dY, | y,) = E ( /o (X, o dY, | yT)

T T
= [ Bar() | 9r) 0 d¥ # [ Er(X) 1 9pav.

where the non-adapted stochastic integrals are respectively a generalized Stratonovitch integral
and a Skorokhod integral [6].

In addition, there seems to be no computable expression available for the last term of (12).
However, in the particular case where x derives from a scalar potential function, one has the
following

Proposition 3.1. Assume there ezists o scalar function U € C}(R™) such that x = DU.
Then

T
E ( fo X' (X,)o(X,) dW, | yT) =
E{U(XT)|Yr) - E(U(X0) | Yr) - /OT E(LU(X,) | Yr)ds , (14)

whose proof follows immediately from Itd’s lemma.

At this point, it is necessary to introduce some notations and definitions related to nonlinear
filtering and smoothing.

Notations and definitions
o Filtering

%y (resp. py) will denote the normalized (resp. unnormalized) conditional density of the r.v. X
given ), i.e.

(7e,0) SE@(Xe) | 2), (1, 9) S EN($(X:)Z | %) (15)
for any test-function ¢. By Bayes formula
(P, 9)
(‘Kg,¢) (Pt 1) b (16)
The equation for (p; : 0 < ¢t < T) is Zakai equation [8)
dpe = L*pe dt + h°pr~1 dY; an

where L* denotes the adjoint operator of the infinitesimal generator £ of the diffusion process
(Xt : 0<t <T), defined by

L2813 &%) .a,*.z"'“az.

sj=1




T - —g—

‘“ e ey

o Smoothing (fized-interval)

Let T > 0 denote the fixed end-time. p; (resp. ¢¢) will denote the normalized (resp. unnor-

malized) conditional density of the r.v. X; given Jr, i.e.

(o, ®) 2E@(X) | V1), (a,¢) 2 BN ¢(Xe)2Zr | ¥r) -

Again @9)
g9
ph¢ =T
P )= o)
Introducing the backward Zakal equation
dve + Lvedt + h*ver~1dY, =0, w1,

one has [8,9] that (p¢,v¢) is independent of t, and ¢; = pyv; is differentiable with
G +pe Lo =v LOp¢ .
Note that
(¢, 1) =(pr,1), 0<t<T.
3.1 Filtering approach
Define
A £ p(x0)+ [ “6(X.)ds + / 0(X,)dW, + / (X)X, dW,

so that, by Bayes formula

E'(ArZr | Y1) ‘

A=BOr 19D = "z o)

(18)

(19)

(20)

(21)

A first method would be to compute the joint conditional law of (XT,Ar) given Y1, and then
integrate over the first variable to get the marginal conditional law of At given Yr. An alternative

method is to find an equation for (w : 0 <t <T) defined by
(we, @) £ ENG(Xe)MeZe | D) -
Indeed, by Itd’s lemma
A Xe)MeZy) = M Z LH(Xs) dt + A Zy (DP(Xe))* 0(Xe) dW

+&(Xe) 2o £(Xe) dt + H(Xe) Ze n*(Xe) AW + (Xe) Ze x* (Xe) 0(Xe) AW,

+6(Xe) de Ze h*(Xe) v~ Y, + $(Xe) 1°(Xe) h(Xe) Z dt
+Z¢ X(Xg)' G(Xg) D¢(Xg) dt .




Using properties of conditional expectation given the observation o—algebra under the reference
probability measure P!, and the definition (15), gives

(26 = (0,66) + [ (i, L) do + [noyray.
¢ ¢ ¢ R
+ /0 (por £6) ds + /0 (Per ") dY, + /0 @2, T(x)0) ds ,

where J(x)¢ 2 x*aD¢ , so that (wy : 0 <t <T) solves
dwe = Lowy dt + R wer™' dY; +€pedt + 1°pedYe + T (X)pe dt wo = fpo - (22)

Theorem 3.2. Let(p : 0<t<T)and (w : 0 <t <T) be the unique solution of (17) and
(22) respectively. Then, the following expression holds for A defined in (11)

A=%:’Lll-)2. (23)

This expression is actually computable. Unfortunately, the linear dependence of (wr,1) on
(B,€,7m,x) is not made explicit, which should be the case for the point [M] introduced in the
Introduction to be satisfied. Therefore, the next step will be to make this dependence more
explicit. This will involve nonlinear smoothing and generalized stochastic calculus (Skorokhod
integral). Actually

e the stochastic integral in (13) will be given a rigorous meaning,

¢ the last term in (12) will also be given a computable expression, whether or not x derives
from a scalar potential function.

3.2 Smoothing approach

The idea here is to compute the stochastic differential of the scalar product (w,v), where
(ve : 0 <t <T)is the solution of the backward Zakai equation (19). Since (22) is a forward
stochastic PDE and (19) is a backward stochastic PDE, one must use the two—sided stochastic
calculus introduced in {10,11]. This gives

d(wy,w) = (C'wy,v)dt + (h°we,u)r" ! dY:
+(Epe, ve) dt + (77 pe, ve) AYe + (T° (X)Pe, o) dt
—(we, L) dt — (we, h*ve)r ™! dY;
= (g, ) dt + (g, n") dYe + (pr, x"a D) di .
Integrating from 0 to T gives

T T T
(wr,) = (@0,8) + [ (@ €)de+ [ @) ¥+ [ GaxtaDu)as,
where the stochastic integral is a two-sided stochastic integral.
Using (21) gives an expression for A in terms of normalized conditional densities

T
A= p)+ [ (onerds + A+ 4"




e Study of A’

T
(q:;”.) dy,
A 2 /0____.

G D (24)

One has
E(A") = ENZr A") =EVEN(Zr | )r) A')

=E (/:(q.,n‘)dY.) =0,

where the last equality follows from results on two—sided stochastic integrals. This was expected,
since

T
A’=E(/o n’(X.)JW,D?T) :
Expressions in terms of normalized conditional densities are given by the following

Proposition 3.3. Let(p, : 0 <t < T) denote the normalized smooothing density. Then
, T T
4 = [oun)a¥= [ (o) (ors)de

= [[Guiedte= [(unds,

where the non—adapted stochastic integrals are respectively a Skorokhod integral and a generalized
Stratonovitch integral [6].

PROOF. The idea is to get the denominator F 2 /(pt,1) inside the stochastic integral in (24).

Let first D. denote, on the probability space (2, Vr, Pt), the derivative with respect to the
d-dimensional Wiener process (¥; : 0 < t < T) in the direction of the vector space H!(0, T; R9).
Since the two-sided integral is a particular case of the Skorokhod integral, it follows from [6,
Proposition 3.2] that

T
4 =F [
T T
=/ F(q.,rl‘)dY.+/ (45,7") Do F ds
0 0 .

T " T "
- | feran- [ Getaponas,
where the stochastic integral is a Skorokhod integral.
For s fixed in [0, T], consider the d—dimensional random process (2, : 0 < t < T') defined by
z = Dyps. Clearly zy =0for0 <t < s. Fori=1,---,d, the process (3 : s <t < T)is the
unique solution of the forward stochastic PDE (7]

dz = L'z} dt + h*Zir~1 dY, Z = h'p, .

10




Introducing the solution (v : 0 < t < T) of the backward Zakai equation (19) and using
again the two—sided stochastic calculus gives d(z;,v) =0 for 8 <t < T. Therefore

(21,1) = (24, 5) = (hps,v5) = (¢s, h) ,
so that

i _ [T n’) o [T (@07") (2a,R)
A B 0 (qﬂl) ‘ A (qc’l) (q.,l)

T T
=.[0 (phﬂ‘)d}"—/; (ph'l‘)(Pa,h)da )

To get the second expression, consider the d~dimensional random process (u¢ : 0 <t < T)

defined by u, 2 (pe,n). The Skorokhod-Stratonovitch transformation for generalized stochastic
integrals gives [6, Theorem 7.3]

T T T
/ u) dY, =/ u) o dY,-—%/ (D¥u,+ D;u,)ds
()} (i} 0
where
A 4 .. N 4
+ 2. s .8 - 2 s .,
Dju, = lgE;D,u, ) Diu, = ltlgng,u. .
It turns out that

Dia = Di(pe,n) = D 1)

o T
_ Di(ge,n') _ (@,7') Di(a,1)
(9¢,1) (qfvl)z )

Next D,q = (D,pt) ve + pt (Dove). In particular D,p; has already been studied, and a similar
argument for D,v; shows that D} g, = D, g, = hgq,. Therefore

— Dy = @n7h) _ (gesn°) (e, h)
Dtu. = D. U, = (q” 1) (q‘, 1)2
= (pos1"h) = (0,1") (P, 1) .

This finaly gives r r
A= [ty o d¥s= [ (ourh)ds,
0 0 .
where the stochastic integral is now a generalized Stratonovitch integral. a

Remark. In terms of conditional expectations
, T T
4 = [CE(r(x) | 9r)aY, - [ B (X)) ¥ E(KX,) | ¥r) de

T T
= [ E@(x)190) ¥ - [ Bt (X)h(X,) | Vr)de

11
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o Study of A"

T
o )} @uxtaDu)ds
a2 .

Gr) (25)

One has
E(4") = E'(Z7 A") = ENE!(Zr | ¥r) A")

= E! (/oT(Pa,x‘a Dv,) ds) =/°T(E'(Pa)’x'aE'(Dv.)) ds,

where the last equality follows from the independence of p, and v, under the probability measure
Pt. Now EY(Dv,) = DE}(v,) = 0 since Et(v,) = 1. Therefore E(A") = 0, which was expected
since

T
A"=E ( /o X*(X.)o(X,) dW, | yr) .

P(——-—;D;)' =x,D (%‘-) =p,D (log -:—')
[ 2] s 2

give the following two other expressions for A”, in terms of normalized conditional densities

w_ [T . P _ (T . 2
A= | (m4,x*aD Yds= | (ps,x"aD|log )ds .
0 s 0 L

In the particular case where x derives from a scalar potential function, it can be checked that
(25) reduces to the expression (14) given in Proposition 3.1. Indeed

The identities

Proposition 3.4. Assume there exists a scalar function U € C}(R™) such that x = DU.
Then

T
A" = (PT)U)"‘(PO,U) _'/0 (P;,EU)dS .

PRrooOF. It follows from the identity £(Uv,) = ULv, + v,LU + x*aDv,, and from (20 that

(PnX'GDV.) = (Ph C(U'Ua)) - (Pu UC”J) - (anu[rU)
= (v,L°p, = psLy,U) ~ (Pss, LU) = (45, U) — (4, LU) .

Integrating from 0 to T gives

T . T
[ @uxtaDu)do= (er.0) - @.0) - [ @ c0)ds.

Dividing by (pr,1) and using (21) finishes the proof. o

Remark. In terms of conditional expectations
T
A" =E(U(X1) | Yr) -~ E(U(Xo) | Y1) - /o E(LU(X,) | Yr)de,

which is exactly (14).

12




The following theorem has been proved

Theorem 3.5. Let(m : 0 <t <T)and(p : 0 <t <T) be the normalized filtering and
smoothing density (e.g. obtained from the unique solution (p; : 0<t<T)and (v : 05t <T)
of (17) and (19) respectively). Then, the following two ezpressions hold for A defined in (11)

A

(0.8)+ [ (on©)ds+ [ (puxaD (l0g2))ds+ 4,

T . T .
/0 (pssm )dY.—/o (s ") (Psy h)ds ,
A =

T T .
/0 (psyn*) o dY, —/0 (ps,n°h)ds

where the non-adapted stochastic integrals are respectively a Skorokhod integral and a generalized
Stratonovitch integral [6].

Conclusion

The advantage of smoothing over filtering is that the linear dependence on (8, &, 7, x) is
made explicit: provided the underlying probability measure does not change, evaluating A for
a different set of data (3,€,7, x) will not require the computation of a new infinite-dimensional
conditional density. In the filtering approach, one would have to solve another stochastic PDE,
with a different “right-hand side”.

On the other hand, from the computational point of view, solving the equation for the
smoothing density requires not only the computation but also the storage of the filtering density,
and is therefore more expensive. Moreover, in the filtering approach it is enough to integrate the
unnormalized filtering density at final time T, whereas in the smoothing approach one has (i)
at each time ¢, to integrate some functions involving (£,7, x) against the normalized smoothing
density, and (i) to integrate the resulting processes over the interval [0,T].

The next section will be devoted to applying these two approaches to the computation of
quantities related to the direct likelihood function maximization and the EM algorithm.
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4 Application to the MLE problem

4.1 Direct maximization of the likelihood function
It follows from (5) that the log-likelihood function L(6) can be expressed as
L(8) = log(p7, 1)

with - see (17) . .
dp; = Lip{ dt + hip{r ™ dY; (26)
and - o ™ 5
1y giiy. i)
§ 30" Ogngs; + L5 -

ig=1

ne>

Lg

It follows from (8) and (10) that V.L(#) belongs to the class of conditional expectations
considered in Section 3. The approach based on filtering (Theorem 3.2) gives

)
a2

with (pf : 0 <t < T)and (wf : 0 <t <T)given respectively by (26) and - see (22
t t

dw? = Cyuf dt + hjwlr dY, + [Vhe]*plr~1 dY; + Jgpl dt , wg=Vpd, (27

where Jp 2 [Vbe]* D¢ .

Remark. Equation (27) is exactly what would be obtained by deriving formally equation (26)
with respect to the parameter #. This result was indeed obtained in [4], relying on the existence of
a “robust” (i.e. continuous with respect to observation sample paths) version of Zakai equation.

If 6 is a p—dimensional parameter, then the gradient (w! : 0 < t < T) is a p—dimensional
vector: each component of this vector actually solves a stochastic PDE which is coupled only
with (pf : 0 <t < T) and with no other component; moreover the coupling occurs only through
the “right-hand side” and each of these (p + 1) stochastic PDE’s has the same dynamics. In
other words, one has to solve the same stochastic PDE with (p + 1) different “right-hand side™.
Note that smoothing could provide a more efficient method to deal with such a problem.

L ]
4.2 The EM algorithm

It follows from (6) and (7) that the auxiliary function Q(6,8’) belongs to the class of con-
ditional expectations considered in Section 3. The approach based on filtering (Theorem 3.2)
gives
_ 1)

Q0= o1
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with (! : 0<t < T) and (wf #¢ . 0 <t < T) given respectively by (26) and - see (22)
duf® = Low® dt + hywd® r= AY, + [he — he|"p{ r=2 dY + Topp! dt
-3 ([ba - by]*a llba — by] + [he — ho!]"r " [he — hy]) pf dt ,

wgo' = Po 108
Po

a
where Jpgr = [bg — bg]* D¢ .
On the other hand, smoothing (Theorem 3.5) gives

0’
Q(8,6') = (8 ,log ,.)+_/ (o5 ,[bo — be]* D(loz ))ds

-1 /o (07 ,[bs — ber]"a" [be — be'] + [he — he]* v [he — he])ds + A",  (28)
T ’
[ 68k = ho1yr aYe = [ (68, o = he")r s o) ds

T C4 =1 T 9’ » ~1
L e —ho1tyrt o a¥u— [ (68 1ho — ko7~ ko) ds
where (xf : 0<t<T)and (pf : 0<t < T) are the normalized density of filtering and

smoothing, computed from the unique solution (pf : 0 <t < T) and (vf : 0 <t < T) of (26)
and - see (19)

respectively. Moreover, the non-adapted stochastic integrals in (29
integral and a generalized Stratonovitch integral [6].

dvf' + Cg:vf' dt + h:,,vf'r"1 dY; =0, g-' =1, (30)
) are respectively a Skorokhod

Remark. It is now possible to give a more precise meaning to the (E-step) and (M-step) of
the algorithm. Indeed, ¢’ being fixed

3. (E-step) compute the normalized smoothing density (p, : 0 £t < T) - this requires in
particular to compute the normalized filtering density (x¢ : 0 <t < T),

4. (M-step) maximize Q(-,8') ~ where for each § € © the computation of Q(6,68') requires
according to (28) (i) at each time ¢, to integrate some functions depending on (8, 8') against

the normalized smoqthing density pf and (ii) to integrate the resulting processes over the
interval [0, T).

Remark. A partial answer can be given to the question [M] raised in the Introduction. Indeed

o the differentiability of 8 — Q(0, §') relies in an obvious way on the existence of derivatives
with respect to 8 of p§(-), bg(-) and he(-),

e computing the corresponding derivatives, and maximizing 8 — Q(6,¢') will not involve the
computation of any other infinite-dimensional conditional density.
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Moreover, as was pointed out in [2], there are particular cases in which the M-step can be dealt
with explicitely. This includes the case where

¢ logp§(-) depends quadratically on 6,
o bg(-) and hg(-) depend linearly on 6,

since 6 — Q(8,8') becomes then a quadratic form.

It follows from (9) and (10) that V1°Q(d,¢’) belongs to the class of conditional expectations
considered in Section 3. The approach based on filtering (Theorem 3.2) gives

”I
vioQ(e,e) = L)
T 1)

with (pf : 0<t < T) and (wf® : 0 <t < T) given respectively by (26) and - see (22)

dwi® = Chuf® dt + hyuwf? r~' dY; + [Vhe]'pf r~' dY; + J5p{ dt
- ([Vb,]'a-l[b, — by] + [Vhe]*r~ [he — ha]) Pl dt

ol
00’ Po 9
Wy = TVPO ’

Po

where Jp¢ S [Vb]* D¢ .

Remark. Comparing with (27), one can check once again that
V0Q(8,6) lo=or= VL(#') ,

as expected.

As for the smoothing approach, one can use again the results of Section 3. Alternatively,
one can directly differentiate with respect to 0 the expression (28) for Q(6,#'), thus illustrating
the point [M]. Indeed

Vb . (T ot (1oc 2.
vi0(9,6') = (pgl, -;%2) +/0 (pf,[Vbo] D (log %))ds
¢ - /0 T(Pf', [Vbe]*a~[bg — be] + [Vhe]'r " [he — he])ds + A’ ,

/or(pf‘ [Vho]"yr " dY, — /OT(pf‘ VR )7} (pl s her)de
A=
[t wnay o ate = [ 10hel ) heds

where the non-adapted stochastic integrals are respectively a Skorokhod integral and a gener-
alized Stratonovitch integral [6].
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5 Time—discretization, and relation with MLE of parameters
in partially observed Markov chains

Before turning to the presentation of the numerical results, it is worth describing the ap-
proach that has been adopted to actually compute the expressions obtained for L(6), VL(6) and
Q(9,6’'). From the results of the previous section, this should reduce in some sense to discretizing
stochastic PDE’s (26), (27) and (30).

However, instead of discretizing separately these stochastic PDE’s and e.g. just plugging the
resulting approximations into a discretized version of (28), a global appraximation of the original
continuous-time problem by a discrete-time problem will be presented. In particular

e the approximation L(6) to the log-likelihood function L(#) of the continuous-time prob-
lem, will be interpreted as the log-likelihood function of the discrete-time problem,

e the approximation Q(8,4') to the auxiliary function Q(6,4') of the continuous-time prob-
lem will be such that the fundamental relation (2) will hold for the discrete-time problem,
ie. L(6) - I(¢') > Q(9,9) .

Consider indeed the following discrete-time statistical model. Let first (t, : 0 < n < N)
be a uniform partition of the interval [0, T} with time-step At. Suppose that on a measurable
space (2, F) are given

e a family (Pp : 6 € ©) of probability measures,

e a discrete-time stochastic process (X, : 0 < n < N) taking values in R™,

e a stochastic process (Y; : ¢ > 0) taking values in RY,
such that under Py, (X, : 0 < n < N) is a Markov chain with transition probabilities kernel

Iy £ (1 - Atcy)™ (31)
and initial density p$, and this Markov chain is observed in continuous-time through
dYe = ho(Xn)dt +dW;,  ta St <tayr,

where (W, : 0 <t < T) is a Wiener process with matrix covariance r, independent of the

Markov chain (X» : 0 < n < N).

Remark. Equivalently, one can consider that the Markov chain is observed through the discrete-
time measurements

Ay,
Yn = Atn = h'(xu) + W, (AY, S Yt,....x -Y.),

where (W, : 0 < n < N) is a Gaussian white noise sequence with matrix covariance rAt™!,
independent of the Markov chain (X, : 0 < n < N).

17




First, it follows from hypotheses (H; — H3) that Vz € R™, (Ilg(z,-) : 8 € ©) are mutually
absolutely continuous probability measures on R™. Define thea

a Ily(z,dy)
Hy(:: dy) ’

as the corresponding Radon-Nikodym derivative. Define next
¥ (z) £ exp {h;(z)r“AY,. - $hi(z)r " he(2) At}

Joo(z,y) =

Then (P : 6 € ©) are mutually absolutely continuous probability measures on (2, F) with
Radon-Nikodym derivative

Kow & :;’ (Xo) H foo (Xi, Xin1) H w (X)

=0 =0
Consider also the probability measure Pf, defined by

N-1
72 T ex,,
7, g (£5)

s0_ that under F},, (Y: : 0 <t <T)is a Wiener process independent of the Markov chain
(Xp : 0< 7 < N)

Let again ()% : 0 < t < T) denote the observation filtration. It turns out that the log-
likelihood function for the estimation of the parameter @ is now defined by

I(6) = log By’ | V1) (32)
whereas the auxiliary function is defined by
E} (log ReoZ’ | V1)
EW(Z" | )

Q(6,6') =Eg(log Ao | V1) = (33)

5.1 Direct maximization of the likelihood function
The idea is to find an equation for (B8 : 0 < n < N) defined by
A ——
@, ¢) = EY(6(Xn)Z0 | ) »

where ot
’ Z. & [I¥X).
=0
By definition
Po1,9) = 0(¢(Xn+1)2:+1 | Venrs)
= Eo(cs(Xm)w:(X»)Z’ | Yuss)
3(¥8(Xn) Me¢](Xa) Zn | Venys)
= (p,.,‘l'.’;(ﬂm)) )

18
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which results in the following equation
Pher = T5(W0FR) o ="pp - (34)

Using expression (31) for the transition probabilities kernel gives the following discretization
scheme of Zakai equation (26), which combines a Trotter-like product formula and a Euler
implicit scheme )

(I — AtL)Pas1 = ¥aFn o= - (35)
It follows from (32) that the log-likelihood function L(0) is therefore approximated by
I(6) = log(py, 1) - (36)

To approximate the gradient VL(8), one could either

o directly discretize equation (27),

e derive the exact expression for the gradient of the approximated log-likelihood function
I(#).

The second method is prefered, and gives

Vr g)= (wN’ )
O=&0
with - deriving equation (35) with respect to the parameter 8
(I - BILG) Ty = U0T0 + DUVL|Prs + [VER] P, To=Vng .

Remark. (normalization) To avoid numerical overflow one should rather solve, instead of (35),
the normalized equations

7:.,,% = ‘I’f. Tf./l.’;+1
=0,
(- Aty Ty, =Ty
where I8, = (%2, ¥%). It is easily seen that P’ = 19%% with 12 = .18 _,---1¢ and (52,1) =7}
so that

N-1
I(6) =logryy = 3 log (%!, ¥]) .
=1
In the same way, defining °, by the relation ¥, = ¥¢T, gives

(I - AtL;) Ty, = WATL +AUVLTE,, + (VAT
T = Vo -

Tnpr = Tnyy - (B40)™"
Note that, although W’ is the gradient of Bf,, W, is not the gradient of ¥4. Actually 7=
@ /(7%,1) so that

VL) = @n.1) .

19
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5.2 The EM algorithm

Although it is rather straightforward, in the discrete-time case, to obtain the expression of
the auxiliary function Q(,-) in terms of nonlinear smoothing, it is nevertheless worth presenting
a derivation that follows the same lines as in the continuous—time case. Indeed, there are two
different methods - one based on nonlinear filtering, the other on nonlinear smoothing —~ for the
computation of (33).

o Filtering
Define .
& -
X los (xo) + ; log fo (i, Xuur) + 3 log 2 ‘I,,. i, 2%

The idea again is to find an equation for (W? : 0 < n < N) defined by

@, 6) A EL(6X)X 2 | V) -
First 0
o =5 log £}

Py

Next, by definition
(o1, 0) = E;’(¢(7n+l)xfu.-€17:'+l | Veusr)
6 '
= E;’(d’(fn-&l)w:' (X,.)[X:’ +log fo.0 (X, Xn41) +log %7(7")]73. | Venss)
= Ej (¥ (X,) [nm(x.ﬂ“ Za | Yeurs) + Ep (¥4 (X0) (50,0 8)(X) Zo | Vewss)
EL (W (Xa) log 53 o 2 o) M K 25 | )
= (@8, W (L)) + (BF , W (o) + (%, WY log 2 7 2 (e9)
where the operator xg o is defined by
(%o 9)(@) £ [ 6(0) 108 fo(<,) o (2. dy) (37)
Therefore, the resulting equation is

(4
¢
—:-H = no'(‘l’o'—"')-i-n.y(‘ll,,p,,) + Hy(\ll" log w,,p,,) . 1—0%”' =pd ]og:.% )
0

It follows from (33) that the auxiliary function Q(6,¢’) is approximated by

'- 36,0) = T (38)
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e Smoothing

Introduce the backward equation — dual to (34)
W=V (Mev],,), Th=1. (39)

Then

. . \ 4
(@500, 700) = (USRS, 74) + (660 (V2 F0), Triaa) + (T (¥, log 5370 ), W)

08 & > " I 4
= wn",vn) + (szn ’ [K"‘o’ ﬂ+1]) + (i:ﬁ: ,lOg \I,:') .
n

Introducing the unnormalized smoothing density iif' = ﬁf'vf' , gives

N-1
@) = @, 5) + L (@) - @90

=0
- N-
= (31 Eg_ Nl\p‘?'-“?' e 1—02'1 .‘?i
= (o ,log o )+ E( i Pi s [#0.0%41)) + Z (3 )log \I'")
0 =0 1=0 n
N-

— @ og BBy + 3 0 sl
= 9> Epgr £ g 150.6'Vis1

N-1 N-1

+ 3 (@0 lhe — he]'r ™} (AY: — heAt) — § 3 (@, [he — he']*r ™ [he — he])AE,
1=0 1=0

where in the last expression ﬁf; : = Wi |, and the identity
24 .- -
1ogw—;, = [he — he']'r Y (AY; — he At) — L[he — he]'r " [he — ho')At
H
has been used.

Remark. (normalization) Here again one should rather solve, instead of (39), the normalized
equations
Vned = HoVanr

T

1,
7 = T ;/J}'.'

n "nd
where j& is chosen in such a way that ('T:','ﬁf:) = 1, which gives j& = ( ,,,‘Ilgﬁ; §) It is
then easily seen that j& = l:’,u, and that 78 =67 ?:' with &% 2 4 j:'_,,, e jﬁ. Moreover, the
normalized smoothing density is given by 7% = Tﬁ'ﬁ'
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Remark. In terms of normalized conditional densities

p’ N-1
F6.0) = (8. Jog 73) + 3 (¥, 4. s0 s

=0
N-1 N-1
+ 3 (7 \[ho = ho]'r 7 (AY: = ho A1) ~ § 3~ (B, [he — ho]*r ™ [he — he))At
=0 =0

to be compared with (28), (29).

Remark. It is now possible to give a more precise meaning to the (E-step) and (M-step) of
the algorithm. Indeed, ' being fixed

3. (E-step) compute the normalized smoothing density (€ : 0 < n < N) - this requires in
particular to compute the normalized filtering density (¥% : 0 < n < N),

4. (M-step) maximize Q(-,8') - where for each § € © the computation of Q(4,8') requires
(i) at each time 7, to integrate some functions depending on (6, #’) against the normalized
smoothing density 7%, and (i) to sum the resulting discrete-time processes from n = 0 to
n=N~1.

Remark. With the time-discretization introduced above, the numerical implementation (in-
cluding discretization with respect to the space variable) of the EM algorithm requires in the
M-step, the explicit evaluation of the transition probabilities kernel Iy = (I — AtLg)~!. On the
other hand, the numerical implementation of the direct maximization algorithm requires only
the solution of linear equations with operator (I ~ AtLy), a much faster task.

Remark. There are some similarity between the discrete-time version of the EM algorithm
and the statistical estimation of probabilistic functions of Markov processes. This theory has
been introduced in 1], and has found interesting applications in acoustic speech recognition [5].
Indeed, assume that observations are generated according to a hidden Markov model (HMM): to
each possible state z of the a non—observed Markov chain defined by its initial probability py and
its transition probabilities kernel I, is associated a probability function B(z,-) which describes
the conditional law of the observation given that the chain is in state z. Such a model will be
denoted by M = (po,II, B). Then (under the additional assumption that both the Markov chain
and the observation sequence take values in finite sets), the maximum likelihood estimation of
the parameters of the hidden Markov model M is achieved by an iterative procedure involving
reestimation formulas {1,5], which are obtained from the explicit maximization of an auxiliary
function Q(M, M’).

Consider now the parametric model described above. It is possible to turn it into a parametric
hidden Markov model My = (2, Ily, B,) with

Bo(z,3) = (2m)"$(detr) 4 exp {~lho(z) - sI'r"![ho(2) - y]At} .

In particular Be(z,yn) o< WY(z). Then it is easily seen that the auxiliary function defined in
(33) is such that Q(8,6') = Q(Ms, M¢) . Moreover, equations (34) and (39) — which are known
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as Baum'’s forward and backward equations [1,5] — play a central role in the theory of statistical
estimation of hidden Markov models.
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6 Numerical example

The continouous-time model is described by

ch = —92X¢dt+931f‘X2 dt+a’llzdwt ' XO"’N(olaz) ’ (4’0)
, )
dy, = 6, a.rcta.n(?) dt + r'/% dW, , (41)
4

and the unkown parameter is § = (61,62, 83,0,). The noises covariances in the problem are ¢, a
and r, and can be associated with the parameters 6, (62,63) and 6, respectively.

Although the unknown parameter is actually four-dimensional, results will be presented for
the estimation of one component of § at a time, and the influence of the “associated” noise
covariance will be investigated.

For each of the cases presented below, the log-likelihood function has been maximized in
order to find the MLE, either using the direct approach or the EM algorithm based on nonlinear
smoothing. To achieve the direct maximization, one can rely on existing minimization routines
from a scientific library, e.g. €¢04jbt from NAG which uses a quasi-Newton algorithm and does
not require the user to provide a routine for the computation of the gradient. On the other
hand, the M—step of the EM algorithm can ejther

o be solved explicitely when applicable, e.g. when the auxiliary function depends quadrati-
cally on the parameter to be estimated,

o rely on routines from a scientific library.

Two figures are given for each of the cases considered. On the first figure, the following
objects can be found

e in solid line: the log-likelihood function L(-) vs. the free parameter,

o in dashed line: iterations of the quasi~Newton algorithm for the direct maximization of
the log-likelihood function L(-), i.e. straight lines connecting successive points

AO)AI""’AR,"' )
defined by
An £ (0, I(80)) -

On the second figure, the following objects can be found

e in solid line: the log-likelihood function L(-) vs. the free parameter,

e in dotted lines: the auxiliary functions corresponding to successive estimates, i.e. functions
T.(-) 2Q(,0n) + I(B,), vs. the free parameter,
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e in dashed lines: iterations of the EM algorithm, i.e. straight lines connecting successive
points Ag, By, Ay, B, ,AnyBn, - defined by

An g (a‘mr(aﬂ)) H
B, = (5n+1:In(§n+l)) .

Remark. In the example introduced above, although the auxiliary function Q(4,8') of the
continuous—time model depends quadratically on the parameters 8;, 02 and 63, the discrete-time
approximation Q(6, ') depends quadratically on 8; only. This can be seen on the expression of
the operator x4 ¢ ~ see (37).

Description of cases study

In all these cases, the “true” value of the parameter — i.e. the value used for simulating
sample paths of the observation process - is (47,63, 63,8;) = (1.0,0.25,5.0,2.0).

The time interval is [0,T] with T = 10.0 and time-step At = 0.1. Observation process
sample paths are simulated in the following way. First, simple Euler time—discretization scheme
(equivalent on this particular example to Milshtein scheme) is used to simulate the signal process
(40) .

Tn4l = Tn + [—921". + 931_+Lza']At + Wq ,
with g ~ N(81,T) and (ws, : 0 < n < N) a Gaussian white noise sequence with covariance
matrix aAt. Next, discrete measurements are generated by

z
Yn = 04 arctan(=) + T, ,
04
with (W, : 0 < n < N) a Gaussian white noise sequence with matrix covariance rAt~?,
independent of (w, : 0 < n < N).

These discrete measurements are used to solve equations (34) and (39), and therefore to
compute the approximations L(§) and Q(4,¢’) defined by (32) and (33) respectively.

e Estimation of 8,

Fixed parameters: (63,603,0,) = (03,63,63).

Noises variances: a = 1.0, r = 1.0, and £ = 1.0 (Case I - fig. 1 and 2) or £ = 0.01 (Case II -
fig. 3 and 4).

In Case I the EM algorithm has converged after 11 iterations, whereas in Case II it has not
converged after 200 iterations. Therefore, only the 12 first iterations are shown on fig. 4.

o Estimation of 03

Fixed parameters: (6;,602,0,) = (6;,93,6;).
Noises variances: £ = 1.0, r = 1.0, and a = 1.0 (Case III - fig. 5 and 6) or a = 0.01 (Case IV ~
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fig. 7 and 8).
In Case III the EM algorithm has converged after 5 iterations, whereas in Case IV it has not
converged after 200 iterations. Therefore, only the 12 first iterations are shown on fig. 8.

o Estimation of 0,

Fixed parameters: (6,,62,68;) = (6;,63,63).

Noises variances: £ = 1.0, a = 1.0, and » = 1.0 (Case V - fig. 9 and 10) or r = 0.01 (Case VI -
fig. 11 and 12).

In Case V the EM algorithm has converged after 9 iterations, whereas in Case VI it has converged
after 27 iterations.

The reason why the EM algorithm is so slowly convergent when noise covariances are small
- Case II, IV and VI - is that the log-likelihood function is then approximated from below
by a set of very sharp auxiliary functions: this situation does not allow to update significantly
enough the current estimate at each M-step. Actually, this can be seen directly from (6), (7) -
or equivalently from (28), (29). Assume for instance that both p§(-) and bs(-) are independent
of 8, and that the observation noise covariance r is small. Then every auxiliary function Q(-,8')
will certainly be very sharp. It should be stressed that in such cases, the slow variation of the
estimate should not be interpreted as an indication that the algorithm has already achieved
convergence, as one would possibly conclude.
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7 Conclusion

The direct maximization of the log-likelihood function has been compared with the EM
algorithm, for the MLE of parameters in partially observed diffusion processes. Some formulas
given in [2] have been clarified, and it has been shown that smoothing is necesary to make
the EM algorithm approach efficient. On the other hand, formulas have been given in terms

of filtering stochastic PDE’s for the computation of the original log-likelihood function and its
gradient.

It has been shown that

[E] the E-step in the EM algorithm is certainly slower than the direct computation
of the log-likelihood function, since it involves nonlinear smoothing instead of
nonlinear filtering.

[M] the computation of the auxiliary function Q(6,6') in the M-step of the EM al-
gorithm, @' being fixed, requires (i) at each time t, to integrate some functions
depending on (6, 8') against a normalized smoothing density depending only on
¢, and (ii) to integrate the resulting processes over the interval [0,7]. This
gives another evidence that the EM algorithm is more complicated than the di-
rect approach as far as computations are concerned. On the other hand, the
maximization of the auxiliary function is generally simple to deal with.

[EM] the EM algorithm converges very slowly whenever some noise covariances associ-
ated with the parameters to be estimated are small.

However, the EM algorithm should provide an interesting approach for non-parametric es-
timation in the context of partially observed diffusion processes, i.e. non-parametric estimation
of the initial density, the drift and the observation function. This form of the EM algorithm
is used indeed in the context of finite-space Markov chains with finite-state observations (hid-

den Markov models), and leads to well-known reestimation formulas, which are of practical use
e.g. in acoustic speech recognition.
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Figure 7: Case IV - Direct maximization
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Figure 9: Case V - Direct maximization

37




Figure 10: Case V - EM algorithm
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Figure 12: Case VI - EM algorithm
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Introduction

Il est bien connu que dans un probléme de filtrage non
linéaire de processus de diffusion, une certaine version de la loi
conditionnelle non normalisée satisfait une équation aux dérivées
partielles stochastique linéaire appelée équation de Zakai ~ cf.
ci-dessous. Il est dés lors intéressant de caractériser cette loi
conditionnelle non normalisée comme étant 1'unique solution - en
un certain sens - de cette égquation de Zakal. Un tel résultat peut
se décomposer en deux parties : d'une part un théoréme d'unicité
pour 1l'équation de Zakai dans une certaine classe T de processus,
et d'autre part un résultat de régularité permettant d'affirmer
que la loi conditionnelle non normalisée appartient a cette méme
classe ©.

De nombreux résultats de ce type ont été établis par divers
auteurs, dans des cadres plus ou moins généraux. Dans le cas de
coefficients bornés, Kunita [11] et Szpirglas [17] ont établi un
résultat d'unicité dans le cas ou 1le signal et 1le bruit
d'observation sont indépendants, Krylov-Rosovskii [10] et Pardoux
[13] sous des hypothéses d'uniforme ellipticité. Divers types de
coefficients non bocnés ont été considérés dans le cas ol le
signal et le bruit d'observation sont indépendants dans Pardoux
[15], Baras-Blankenship-Hopkins [11], Fleming-Mitter (6],
Kallianpur-Karandikar [10], Ferreyra [5] et Rurtz-Ocone [13] (Dans
ce dernier article, sont également traités des cas ol il y a
corrélation des bruits). Bensoussan [2] considére des coefficients
non bornés dans des cas o0l le signal et l'observation sont
corrélés avec une condition d'ellipticité. Haussmann [9] considére
des coefficients dépendant de l'observation. Enfin Canarsa-Vespri
[3] considérent le probléme d'unicité pour 1l'équation de Zakail
avec des coefficients non bornés et une corrélation entre signal
et bruit lorsque 1l'observation est en dimension un. Le fait que
cette unique solution est la loi non normalisée est établi par
Florchinger [7].

Notre but est d'établir un résultat trés général, en
supposant cependant tous les coefficients bornés et de classe C%..
Par ailleurs, la 1loi initiale est quelconque, et nous ne faisons
absolument aucune hypothése de non-dégénérescence : 1la 1loi
conditionnelle ne posséde pas nécessairement de densité. En'outre,
le signal et 1le bruit sont corrélés, et tous les coefficients
dépendent de tout le passé de l'observation. Ce dernier point est
trés important pour les applications au contrble stochastique avec
observation partielle.

Nous allons tout d'abord établir un résultat d'unicité d'une
équation aux dérivées partielles stochastique dans des espaces de
Sobolev d'indice quelconque, A l'aide de propriétés élémentaires
des opérateurs pseudo-différentiels. Ensuite nous montrerons que
la loi <conditionnelle non normalisée appartient A4 un certain




espace de Sobolev d'indice négatif.

1. Position du probléme

Nous allons étudier 1l'unicité des solutions d'une équation
‘aux dérivées partielles du type suivant (on utilise ici et dans
toute la suite la convention de sommation sur indice répété) :

- i
{(*) dut = Au‘ dt + B;“z dwt . u, donné
ou :

(i) {w‘} est un processus de Wiener sur un espace de probabilité
(Q,,‘F,}" .P) & valeurs dans .

(i) A (resp B,'---'B,) sont des opérateurs différentiels sur R
d'ordre 2 (resp.l) s'écrivant

m P
1 1
A=—Z xf+xo+c+-z B?
2 i=1 2 i=1
B‘ = Yl + hl
ou xo. Xt...x.,Yx...Y’ sont des champs de vecteurs sur

Il'\",c:,l'xl ...h’ des fonctions sur R* ; dépendant de (w,t)efl x R -
Si o désigne 1l'une de ces fonctions ou 1l'un des coefficients des
champs de vecteurs, on suppose que :

- : Qx R'x R -+ R est fP@B. mesurable, cu P désigne la tribu des
événements progressivement mesurables de fx R., et B, la tribu
borélienne de R .

- pour tout (w,t)eld x R., a(w,t,.) est dans C:NI?). les bornes
étant uniformes en (w,t).

1.1. Classes de processus & valeurs dans des espaces de Sobolev
Dans ce paragraphe, nous rappelons les principales

définitions concernant les espaces de Sobolev et 1les opérateurs
pseudo-différentiels. Nous renvoyons au livre de Tréves [18]°pour
un exposé détaillé sur ce sujet.

1.1.1. Espaces de Sobolev
Comme dans [4], on introduit, pour o dans R, le potentiel de

Bessel A, qui agit sur S'(R') (espace des distributions tempérées)
par la formule suivante :

~~ -
ALIE) = (L+]E[*)™/2 F(E).




Alors H*(R) = {feS'(IR‘),A“feL‘(R")} et, si £eH™(R). I£I =N Ell,

ou | ||° est la norme usuelle dans L* (R) ((,) désigne le produit
scalaire associé).
Pour ueH**! (R*),veH* ! (R ), on pose :

<u,v>. = (A u, A 1v) H

<.,.>, est donc le produit de dualité entre H™''(R') et H™ ' (R')
lorsque ce dernier espace est identifié au dual de H*'! (), ce

qui correspond a identifier H*(R*) & son dual.

1.1.2. Opérateurs pseudo-différentiels

Définition : Soit U un ouvert de R et meR : on appelle
amplitude d'ordre m sur U une application C® a : UxR -+ C
telle que, pour tout compact K de U et tout couple de
n-uplets (a,f), il existe une constante Cu.’(K) telle que :

sup |D} Df a(x,E)] € ¢C
xekK

Ee?

g (R) (1+1E) = 11,

L'ensemble des amplitudes d'ordre m sur U est noté S_(U).

notations : J'(U) est l'espace des distributions sur U, i.e. 1le
dual de C?(Q) ; £ (U) est l'espace des distributions a support

compact sur U, i.e. le dual de c®(u).

Définition : On appelle opérateur pseudo-différentiel
standard d'ordre m sur U une application linéaire
A : £ (U)2]'(U) de la forme :

Au(x) = (2m)-* | e'*- & a(x,E)u(£)dE

ou aes_(U) ; a est le symbole de A.
L'ensemble des opérateurs pseudo-différentiels standard
d'ordre m sur U est noté W;(U). s

Exemples :
. Le potentiel de Bessel A“ est un opérateur pseudo
différentiel d'ordre «.

. Soit P un polyndme 4 n variables complexes d'ordre meNN.
A=P(-i — ) est un opérateur différentiel d'ordre m qui agit sur
une distribution uef'(U) par la formule :




i A S " o

Au(x) = (2m)-*® Ieix-‘ P(E) u(&) 4t

c'est donc un opérateur pseudo-différentiel d'ordre m, de symbole
P.

. Si1I A est un opérateur différentiel A coefficients non
constants, on peut montrer qu'il existe un opérateur
pseudo-différentiel B tel que A-B soit un opérateur régularisant
i.e. d'ordre -®o. On peut donc identifier A & un élément de

b (U) = &_ (U} /b_g (V).

Proposition : Un opérateur pseudo-différentiel d'ordre m sur UCR
définit une application continue de Hi(U) dans HT:Z(U) ol

H® (U) = {ueH® (R")., supp ucU}
H (U) = H® (U)nE' (U)

H (U) = {ues‘ (R), WCC?(U). PueHS (U)}

loc

Définition : Soit Aed®(U) et Bed®' (4). Alors [i,é] = AB-BA

est dans ¢***' !,

$(U) = LJ ¢* (U) muni de ce crochet est une algébre de Lie.
meN

Dans 1la suite de l'article, nous travaillerons sur la sous

algébre de Lie engendrée par les potentiels de Bessel et

les opérateurs différentiels. )

1.1.3. Classes de processus
On définit 1la classe de processus (cf. [4] et [14]) ;
¥ =1(u x [0.T],H*(R'))

et, sur cet espace, la norme

1/2
Ialli,, , = {E(E flu(w, t) 112 dt)}

L
On introduit aussi : ‘: = R:"n L2(U ; Cc([0,T] ; H*(R)))
1.2. Théoréme
Soit «eR. L'équation (*) admet au plus une solution dans

f] I: dont la valeur en t=0 soit un élément donné de H*(R).
>0

2. Démonstration du théoréme. _
Elle se décompose en cing étapes.




2.1 Formule de ItS.

2.1.1. Proposition : Soit u une solution de (*) dans W:

Alors v=A_u est dans N: et vérifie :
t P
2 2 2
v, Iy = livgliy + kﬂﬁ&“go+zugwh s

i=1
0

t
|
+ 2I; (V’,AaBlu.)dw',Vo$tST.

Preuve : Si u est dans u:". d'aprés les hypothéses faites sur
les opérateurs A,Bl...Bp, Au est dans H:" et B‘u dans u:. Donc

A%*u est dans H:, A® Au dans H;‘ et B u dans H:. On a, de plus,
1'égalité :

A® u, = % u, + I; A"Au° ds + IZ A“Bxu.dw: , Wo<t<T.
En effet ceci revient & montrer que 1l'on peut commuter A% avec
l'intégration de Lebesgue ou stochastique, ce qui est obtenu en
approchant Au (resp. Blu) par des fonctions simples dans
' (resp. ).
La proposition résulte alors de la formule d'Itd de.[14] dont les
hypothéses sont trivialement vérifiées.
2.1.2. Corollaire :

Soit u une solution de (*) dans w: alors

t p

2 - 2 2
E(llu, I2) = ECflu, #2) + | Ed2<u ,Au >, + 2 IB, u I }ds, O<t<T.
o i=1

Dans 1les paragraphes suivants, on estime les termes sous
l'intégrale en fonction de HU."t afin de pouvoir appliquer le
lemme de Gronwall.

]

2.2. Inégalité & priori dans H'(F).

2.2.1. Proposition : Il existe une constante K>0 telle que :

P

1l
vEeH! (R), <Af,f> € Ku£||: + -5 z <f,Bf£>°
i=1




Preuve : Nous commengons par énoncer un lemme que nous utiliserons
plusieurs fois par la suite.

2.2.2. lemme : Soit X un champ de vecteurs de classe C; sur R .
Alors

(i) X' = -X + b ol beC (R)
(ii) Il existe une constante K telle que :

vieH' (R), |(X£,£)| < K|EI?

n n
0o 0
Preuve : Si X = Z X — . X* = - — (X .)
— i=1 ' 9% i=1 9%,
n n
}: -] axt
= - X, — - — = -X - div X
i=1 9%, i=1 9%

Soit feH!'(RP) : (X£f,f) = (f,X"£f) = ~(£,Xf) - (f,divX.f).

1
D'oad (Xf,f) = - E(E,divx.f)

Alors, |(XE.£)| <

[N

IdLvR I HE U2 -

Suite de la preuve de la proposition 2.2.1.
Par définition de A, on a :

1
<Af,f> = -:S <X2f,f> + <X f,f> + <cf,f>
2 i=1 1 0 ] o ]

P
1
+ - Z <B3f,f>
2 ill 1 0
Il résulte alors du lemme 2.2.2. que :
m P

1 1
<Af,f> € -Z <xff.£>° + K JIE W + -2 <B3f,£f> .
N 1 ] 2 . { ]
i=] i=3




Il reste A étudier le terme }E <x:f,f>°. Soit ie{l,...,n)} :
i=1

<XIE,£> = (X £,X[£) = -[IX £]}-(X £,div X .f)

[ 2 2
D'ou <XPf£,£> < K L}

ce qui achéve la preuve.

2.3. Inégalité a priori dans H*(R').

2.3.1. Proposition : Il existe une constante K>0 telle que

P

1
2
vEEH™ ! (R®), <Af,f>“ sxufuu + 5 ?;1<A“f,8fhuf>o
1=

Preuve : Soit feH™' ! (R).
<Af,£>_ = <AAE,A£> = <A A £,A £>
+ <[A AN > .

Le premier terme est estimé gréce a la proposition 2.1.1..
Afin de majorer le second, on utilise une technique de commutation
et passage de l'adjoint.
On introduit

g=A“f et T=[Au,A]A_¢.

1
<[A¢'A]f0Aqf>o = (Tg.g) = ;( (T+T* ) g.g).

Calculons T*
T'

N _IA ALY = [~ -A"]1 A _ + [A . [A*.A 1]

Or A*~ A est un opérateur d'ordre 1. En effet

1
¢

1
A--“-Z (x*2 - x2)"+ x*
zi=1 1 1 [ ]

m

1

=22 {(—x‘ -divX )? - x:} - 2X, - divx
2 jm1




1l
= 2 aivx .x, - 2X, + = 2 (divK)? - divE,
i=1 2 i=1

d'ol

— - * *®
T+ = [A L A-A"] A+ [0 [ATAL]]
est un opérateur d'ordre 0,; ce qui permet de conclure.

2.4. Inégalité d'énergie dans H*(R').

2.4.1. Proposition : Il existe une constante K>0 telle que :

P

P
VEEH™ ! (), 2 "B‘f": £ - 21 Muf,B:A“f>° + K“f":
i=1 i=

Preuve : Commencons par le cas o=0. On a, pour ie{l...p} :
= * - = 2 - :
<B‘£,B‘f>° = <f,B‘Blf>° = <f,B‘f>° (f,dlvBl.B‘f)

Le dernier terme est estimé grfce au lemme 2.2.2..
Soit « un réel quelconque

2 =
§B £ = (A,B, £,AB £) = (B AE,B AL
+ 2 <B AL, [A,.B 1> + IA,.B IEIG -

~

L'opérateur [A“,B‘] étant d'ordre «, le dernier terme est estimé
aisément. D'autre part, d'aprés l1l'étude du cas «=0, le premier
terme est majoré par :
2 2

-<h £,BIA£>  + KLl
Il reste donc & estimer : <A_f, B:[A¢,811f>° = <A¢f,§huf>°
avec T=B} [A,.B, ]A_,
On raisonne comme dans la preuve de da proposition 2.3.1. ie on
écrit : DL TA >, = 7 Laf (T+T* )7, £>,

et on va montrer que T+T* est un opérateur d'ordre 0.

T = n_[82.,8,18, = [N ,.[B].0,1]B,

+ [[B‘;,AR]A_.’,B‘] + B, [3:"‘«]"..




' . -~ S 'S 'Y . *
D'ou : T = B] [A,.B; 1A, + QivB [A_ .B{ 1A
+ opérateur d'ordre O
et T+T* = Bl [A,, - divB 1A, + opérateur d‘ordre 0 est un

opérateur d'ordre 0.
2.5. Fin de la démonstration
Il résulte du corollaire 2.1.2., des propositions 2.3.1. et

2.4. 1'inégalité suivante : si u est une solution de (*) dans X**'!,
alors :

t
E(flu, I3) < Ellu, I3)+K J.o E(flu, lI3)ds.

On déduit alors du lemme de Gronwall que :
E(lu, II:) < et E(flu, Il:)
a'on Ilull): , €K' EClu, I2) . VTeR, .
On en déduit 1l'unicité de la solution de (*) dans H:" pour tout

TeR, et par suite dans r] ﬁ:.
>0

3. Application au filtrage -

3.1. Description du modéle
Considérons 1le couple (signal, observation) noté (xt.yt)
solution du systéme suivant :

4
1 L d —~ ’
dx' = Xo(t,y,x‘)dt+x‘(t,y,x')o dw‘ + XJ(t.Y,x‘)(dw:+h (t,x‘)dt).

(F) {dy, = h(t,y.x )dt + aw,.
(xo.Yo) suit une loi H‘06° et est indépendant de (v,w).

\

On désigne par a(t,y,x) l'une quelconque des composantes des
chanps de vecteurs ou des fonctions intervenant dans ce systéme et
on fait les hypothéses suivantes :

(1) «: R xC(R .FIxRR — R
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est ﬁ;o B, mesurable ol &: désigne la tribu des événements
progressivement mesurables de R'xC(R’ ' R).

(ii) Pour tout couple (t,y)eR x C(R ,FR), 1l'application
xeR® — a(t,y.Xx) est de classe C:o(l'\"), les bornes de o et de ses

dérivées étant indépendantes de (t,y).

Notons que sous les conditions (i) et (ii), le systéme
différentiel stochastique (F) posséde une unique solution faible
(autrement dit, le probléme de martingales associé est bien posé).
En effet, si (w',y‘ ; t30) est le processus canonique de '

Q=C(R :R") x C(R :R) muni de la tribu borélienne et de la mesure
de Wiener, 1l'équation différentielle stochastique :

= 1 g ]
dx, = Xo(t,y,xt)dt + x‘(t,y,x‘) o dw, + xJ(t,y,x‘)dy‘

avec X, donné dans R posséde une unique solution forte. Une
application standard du théoréme de Girsanov permet de conclure.

Soit Y, la tribu engendrée par y.,sst.

3.2. L'équation de Zakai
Rappelons que nous associons au systéme de filtrage précédent
une mesure de probabilité Po dite de référence définie par

d4ap

ap,

t 1 ft
|y‘ = L‘ = exp(I; ht(s,y,x.)dy:- ; I; Ih(s.y.x')l‘ds).

On peut alors exprimer le filtre H'f=E(f(xt)|Y‘) associé a une
fonction f mesurable bornée & 1l1l'aide du filtre non normalisé
ptf = Eo(f(x‘)LtlY') par 1la formule de Kallianpur-Striebel :

p, est solution au sens des distributions de 1'équation de Zakail

® i =
(2) dp, = L; p,dt + L‘p‘d'y‘ . P, =N,
avec
m P P
1 -~ -~ 1 o A
L,--<Z x‘+z X?) + X +hx‘-—z 3 X X
2 . 1 1 [ ] 1 2 3 1 1
i=l i=1 i=1
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n

X,
ol 9 X X! = ——
j=1 axJ
3.2.1. Théoréme

!

1

Soit a€cR. (Z) admet au plus une solution dans r] W: dont
T>0

la valeur en t=0 soit donnée dans H%.
Preuve : Les hypothéses du Th. 1.2. sont clairement satisfaites.

3.2.2. Théoréme : Quelle que soit la mesure de probabilité ﬂo sur

RB. et quel que soit €¢>0, le filtre non normalisé associé est
n

-—-=-¢
1'unique solution Qe (2Z) dans r] ﬁt 2 .

>0
n
- — - &
Preuve : On va montrer gue Py est dans H 2 et p dans
n n
- ==t - == ¢&-1
X, 2 . L'appartenance de p a L?®(Q:Cc([0,T] : H 2 ))

découle alors, d'aprés 1le lemme 1.4. de {14], du fait que p
satisfait (Z) (cf. Pardoux [16] ol 1'équation (Z) est établie sous
des hypothéses différentes des nétres, mais la méme démarche est

applicable ici}. Nous allons commencer par montrer que, pour tout

n
- — -¢

te[0,T]. p, est dans H 2 p.s..

n

- . —e —~

o, W 5 = (a+je?) 2 e, (B)17aE

- - =g R
2
—~ -7 e
S sup |p, (B) |? (1+]E]?) aE
EeR R
-~ L &x -~
or p‘(i) = Eo(e L,lY')- D'on Ip‘(i)l £ Eo(LtlYt).

En intégrant par rapport 4 dP dt, on obtient :
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2 2
Filel L n £CT En(sup L‘) < +©

- -¢,T t<T
2

Note : Nous venons de prendre connaissance d'un article de Fujita
[8] ot wun résultat d'unicité est obtenu par des techniques
semblables aux nétres, mais sous des hypothéses plus restrictives.
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Piecewise linear filtering with small observation noise

W.H. Flemingt, D. Jit, E. Pardouxt

Abstract: We consider a piccewise linear filtering problem with small observation
noise. It is shown that one can construct an approximate finite dimensional filter which
uses a bunch of Kalman filters, together with a test procedure to decide which Kalman
filter to follow.’ '

1. Introduction
The aim of this paper is to propose an approximate optimal filter for the filtering problem:

dZ‘ =f(z‘) dt + dll)g
dy: =h(z;) dt + edv;

where {z,} is a scalar unobserved process, {y} is a scalar observed process, ¢ is a “small”
paramecter, {w;} and {v;} are mutually independent standard Wicner processes. We as-
sume that R = U{-=II.-, where I;,...,I; are disjoint intervals, f and h are continuous
mappings from IR into IR, whose restrictions to each K; are affine.

Roughly speaking, our result is a follows. Provided a certain “detectability hypothesis”
is satisfied, an approximate optimal filter is given by one of a set of [ Kaliman filters, the
decision about which Kalman filter to follow for a given period of time being taken in view
of the outputs of the { Kalman filters.

Let us sketch the general ideas on a simple example. Suppose that | = 2,I;, = IR_

and I3 = IRy, and that:
_J Fyz, ifz20
“ﬂ_{ﬂx,ﬁzgo

_JHyz, ifz20
M”‘{HJ,uzsu

We now consider the two linear filtering problems:

(1 ) . dz‘ = F+3‘ dt + d‘ll)g
+ dy‘ = H+z, dt + edv,
F_z,dt + dw,

a1-) {

dy‘ H_t. dt + Edvg

t Brown University, Providence, RI, USA, partially supported by NSF under grant
MCS-8121940 and by AFOSR under contracts F-49620-86C-0111 and AFOSR-86-0315.

1 Université de Provence, F13331 Marseille and INRIA, partially supported by USACCE
under contract DAJA45-87-M-0296
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to which one associates two Kalman filters (K F;) and (K F_), with outputs (z}, R}) and
(=5, RD).

If H H_ > 0, then h is one to one, and since ¢ is small, we can almost deduce from
{ys,8 < t} the current value of h(z;), hence of z;. More precisely, from the results of
Picard [8),[9],[10] ( see also Katzur-Bobrovsky-Schuss [6), Bensoussan [1), Ji [5]), we know
that the conditional law of z;, given Y; = ¢{y,;0 < s < t} has a small variance.

If for instance z} > 0 and is significantly different from zero for any s € [t — a,1] (in
which case the same is true for z;), the conditional law of z, given ) is almost completely
concentrated on IRy (at least with probability almost one) and consequently the output
of (KF,) is very close to the conditional law of z,, given J; ( as we will see below, the
way in which (K F,) is initialized does not play a sinificant role), at least with probability
almost one.

Suppose now that A, H_ < U. T} >n we need some “detectability hypothesis”. Indeed,
if f(z) = 0 and h(z) = |z, then c.early the conditional law of z; given ¥, is symmetric
with respect to 0, and cannot be reasonably approximated by the output of a Kalman
filler. Suppose moreover that |H,| # |H-|. Then, for £ = 0, the quadratic variation of
dyi/dt = h(z,) tells us whether z; < 0 or z; > 0. One may then expect that for € > 0 but
small, the conditional law of z, given ); has again a small variance, and that a decision.
about which of (K F}) or (K F_) to follow inight be reached by comparing the outputs of
these two filters. The proof of these facts is the crucial step in our argumentation.

Our results are illustrated by the numerical results in Fleming et all [3]. Let us insist
upon the fact that the hypothesis of a high signal-to-noise ratio is crucial for the validity
of the algorithm which we propose. Without that hypothesis, the conditional law would
spread out over the whole real line, and probably none of the Kalman filters would give an
acceptable approximation of the conditional law. A totally different algorithm is proposed
for that situation in Pardoux-Savona [7).

Generalisations to higher dimensional situations, as well as to the case where f and
h are nonlinear and h piecewise one to one, wil be considered elsewhere.

The paper is organised as follows. In section 2, we formulate precisely the problem
and the assumptions, as well as some technical results which will be needed in the sequel.
Section 3,4 and 5 study in detail the case where { = 2,1, = R_,I; = R, and h is not
globally one-to-one and satisfies a “detectability hypothesis”. In section 6, we summa-
rize an approximate filtering procedure for the case studied in the previous sections, and
indicate the procedure in the general case.
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2. Formulation of the problem and preliminary lemmas.

}
{ Let Q = C(IR}) x C(IRy), ¥ its Borel field, and z,(w) = wy(t), ys(w) = wa(t). Let P be
] a probability measure on (2, F) which is such that:

3 ¢
(2.1) T, =zo+ / f(z,) ds + w,
0
A
1 ¢
22) =z / h(z,) ds + of
0
q where {w;} and {v§} are two mutually independent standard Wiener processes, z¢ is a
' random variable independent of {w;,vf;t > 0} with E¢[ezp(cz3)] < oo for some ¢ > 0; f
* and h are continuous mappings from IR into IR, which have the following special from. We
! assume that R = Uf-=,l.-, where I, ..., I; are closed intervals with disjoint interiors, and

the restrictions of f and A to each I; are affine functions, i.e.
f@)=Fiz+f; zel1<i<!

h(z)y=Hiz+h;; z€l;,1<i<l
where
Fl,...,Fj,f],...,ﬁ,H],...,Hl,hl,...,h]GR.

1 It is well known that P* exists and is unique, sce e.g. Stroock-Varadhan [11]. {z,} is an

unobserved process, while {y;} is observed. We define J; = o{y,;0 < s < t} and seek to

compute at each time t the conditional law of z; given );. Our aim is in fact to obtain an

asymptotic result, as € — 0, concerning a finite dimentional filter to be described later.
We will assume throughout the paper that :

(H1) Hi#£0;. 1<i<l

Let us now formulate a “detectability hypothesis” which will be assumed to hold through-
out the paper:

For any point (i,7) € {1,...,{}?s.t.
(H2) " i # j and h(;) N h(];) has a non void interior,
H} £ H}

Fori=1,...,l, we can consider a Kalman filter (K F;), which is the optimal filter for the
case where :

f(z)= Fiz + fi,h(z) = Hiz + hi;z€ R.
The Riccati equation for the conditional covariance in (K F;) reads :

dR} . (H: R;)?
- SRR 41—
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This equation has for small £ a unique stable positive invariant solution, equal to :

£ 14 &F €2F} te F;
|Hil ' T EH

Let us define K; = (‘ /l + ‘;,p + e]ff-,) sign(H;). The optimal Kalman filter associated

to the initial law N (E(zo),e 1) is given by :

, . 1,
dz; =(Fizi + fi) dt + Ki(dys ~ — Hiz} dt)
z} =E(zq)

In most of the paper, we will concentrate on the case { = 2, in which we will assume,
without loss of generality, that :

h=fa=h =h; =0,
11=R_,I2=R+.

(KF)

We will then use the notations:
I_=I1,,F_=F,H_=H,
I+=I21F+=F2vH+=H2

Let us close this section with three lemmas. The proof of the first one is easy and is left
to the reader.

Lemma 2.1. Let Uy,...,Upm be iid. random variables, with joint law N(0,6). Then for
anya >0,

- —a’/26 M
P(lénk%x |Uk|>a)<l 1- )
Consequently, when § — 0 and M — oo in such a way that Mé = C,
P( max IU;I > a) < Me=2*/3
1<ESM

Lemma 2.2. Let {{,,n € IN} be a sequence of i.i.d. random variables. Let ®(u) =
Elezp(u,)]. Suppose that & is finite on a neighbourhood of the origin, and that {u; ®(u) <
k} is closed for any k € IRy. Call u the common mean of the ,’s. For any 8 > 0, there
exists C > 0 such that for any n € IV:

1 -nC
P(lngfk ;t|>9)_<_Cc .

Proof: This is large deviation estimate, which can be found e.g. in Ellis {20

Lemma 2.3. Let {z.,t > 0} denote the solution of (2.1). Then for any t > 0, there exists
¢ > 0 such that Eexplesup,¢, 3] < 0o

Proof: This is Theorem 5.7.2 in Kallianpur [5)0
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3. The case of two intervals with H, H. < 0. First step.

We shall treat the case H, > 0, H_ < 0 (i.e. h(z) > 0,Yz € R) and use the notations

|H| = sup(H,,—H_),|F| = sup(|Fy|,|F-|). Recall that assumption (H2) is in force. Since

we want to decide on which side of 0 z, is, we first need to find intervals of time on which

no zero crossing takes place, at least with conditional probability almost one.
Leto<a<b, M= [";—‘], andfor {=0,1,..., M — 1, define:

Y= Ya+(I+1)c ~ Yatlc
1 ¢+(‘+l)‘

Si = ;/. h(z,) ds

+le
Vi = Yo t1)e = Vatte
Note that
Y = SE 4V

Define moreover the events:
By(a,b) = (> 0;a < L < b)

B_(a,b) = {z;, < 0;a <t <b)].

In case when there is no ambiguity, we shall simply write By and B_.
Choose ¢ > 0, and define :

Ce={lYfl2c; 01 M-1)
Proposition 3.1. For any €y > 0, there exists k s.t. for any ¢ € (0,€0),
P*((B4+ UB_.)*/C.) < ke t/*,
Proof: If |Y*] > ¢ and|Vff] < ¢/2, then |Sf| > ¢/2, which implies that there exists

i € [a+le,a+ (14 1)) s.t. |h(zy,)| > /2 and |z,| > ¢, = ¢/2|H|. It follows that on
(B4 UB.)*NC,, we must have either :

c
sup V| > ¢
0Sk<AM -1 2
or clse *
sup sup |ze = z,| > ¢

0<kSM =1 a+ic<o<at(I41)e
From lemma 2.1, Veg > 0,3¢5 > 0 s.t., Ve € (0,0),

Pe( sup V12 5) S coemel
0<ISM -1 2




7 S s RS

730
Now,fora+le <s<t<a+(I+1)e,

|z — 2.} < €l FI( sup z:sl) + lwe — wi
- ek v

Consequently,
sup sup |z — 2,1 2 &1}
ISM~1a+1e<a<t<a+(141)s
ey
C{ su z,| > U su W = Watte) > =
{ p Iz 2 2€|FI} {I<M-la+ksl_<_£i-(l+l)¢| ¢ ek 2}

It follows readily from lemma 2.3 that there exists ¢; s.t. :

Pl sup |z ] > < cqe—c?le’
(.<:‘<)Ll (2 2 |F|) ="

Noting that the sequence {suPaptecicatrye W — Wariclia S 1< M ~1}isiid., and
that :

P sup lwe — waqic| > >4 = 2P(lwe| 2> a
at+let<at(l4+1)e 4 4

it follows from an argument similar to the proof of Lemma 2.1 that Ve > 0,3c3s.t.Ve < o,

[
P\ sup sup = wagre] 2 = | < eze™>*
ISM=1 a+le<t<at(I4+1)e 4

Finally, note that C; D {A(z,) 2 2¢c,a <.t < b} N {supyqicpr—1 IVl £ ¢}, and from
independence,

P*(C.) 2 P(h(z¢) > 2c,a <t <H)P( sup |Vf|<Lc)
0<ISM~1

so that liminf, o P*(C,) > 00




-?Wm .r,-—

731

4. The case of two intervals with H, H_ < 0. Second step.

We now want to show that, once we know that no zero crossing has occured on [a, b) with
probability almost one, then we know wheter {z; > 0} or {z; < 0} , with a very small
probability of error.

For that sake, let us define, with the notations introduced in the last section :

1 .
Z=ymy X (=%
o<i<aM -1l odd

1
Zi=g— Y, (-Y)

0<ISM -1, even

On B+,
Ya-Yr=Sia-S+Viu,-w

a+(I+1)e o+(1+1)e  pate
=£t (Wope ~wn)ds + Vi, = VI + -Hiﬂ-/ / z, duds
€ atle ]
1

1 v 2
ERErPPLAS SR P

V34 =;%; Y a?+bla Y (8 +2p)

leven leven

€ a+tle

where we have dropped the dependence in ¢, and defined:

H+ a4(I+1)e
o=t (Wope = w,) ds + Vi, — Vi
€ Jatic

o+(l+1)e  pate
Bi =~Ii"'—p—+- / z, duds
€ atle N

Note that a; ~ N(0,2¢(1+ f'5‘1)),' and both sequences {a;;! odd} and {o;l even} arei.id..
Call M, the number of odd integers in the intervals [0, M — 1], and M, the number of even
integers on the same interval, and define p, = 'i’, y Pe = §2%&. Note that p, and p, are
both close to -} .

We are going to show tzxat :

Lemma 4.1. For any 0 and €, > 0, there exists ¢ > 0 s.t. for any £ € (0,¢),

2
P (0122 - 201+ TN 2 )N B, ) oemeI¥F

P (122 - 20,01+ BNz anB.) st
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and similar estimates hold with Z? replaced by Z¢, po by pe.

Let us first see the conclusion which can be drawn from Lemma 4.1. Suppose to fix
the ideas that H} > H2. Define:

2 2
6y =cn{az 2 . (24 ZE2))

2 2
o =an{a <p (a4 BEEL))

Note that CLUCS. =C,,and C{ NCE = 0.
Proposition 4.2. For any €9 > 0, there exists k s.t.

| P*(B3/C}) < ke ™M V?

and

] P(B2/Ct) < ke *IVE
t’ for any € € (0, ¢€0).

- Proof: Let us prove the first assertion. It suffices to estimate the quantity P*(B{NC%).
But:

: | H?

P*(B3NC3) < P*((B UB-) N Co) + P(B- N {122 — 2p0(1 + )| 2 6))

where 0 = %Q(Hi ~ H?). The desired estimate then follows from Proposition 3.1 and
Lemma 4.10
‘ Proof of lemma 4.1: Let us prove the first estimate. We need to estimate the following
' three events (again we drop the dependence.on ¢ for notational convenience):

L G={l Y (of - Elafl > 23 20),
_ ' 1odd

e
H={Y 6>},
todd

. IS wal> 2l
todd

ﬂ ‘ The existence of ¢ > 0 s.t. P*(G) < ce~*/* follows from lemma 2.2. Note moreover that

b_l_a > 8 Se(H.,.F,,,)’( sup .1:3) .

' todd T€ltata]
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Using Lemma 2.3 and the Markov inequality, we then deduce the existence of ¢ > 0 s.t.
P*(H) < ce~¢/s. Note that :

' 4
JC su a su ) > ———
' {({: O(fd)l 'I)(re[nl.,tsll b 6|1=f+1"+|}

PRV )
C{ sup |a;|>—€——}U{ sup Iz,|>e“’/‘}

{1 0dd 61H 4 Fy | r€fty,ta)
Using Lemma 2.1 and Lemma 2.3, we deduce :
P(H) < fe-dﬁ + eIV,
The result now follows from the three above estimates. O

5. The case of two intervals with H, H_ < 0. Third step.

We want now to show how the decision between {z} > 0} and {z} < 0} can be made from
the outputs of the two Kalinan filters (K F,) and (KF.). For a < e < d < b, let us define
the test statistic:

') [
L= / (Hyt - Hozl)dy, — = / (Hozt? = |Hoz7 ) ds.
d 2 Jg

Using the representation :
dy, = %fz, ds + dv§

where h, = E°(h(z,)/Y,) and {1} -the innovation- is a standard Wicner process. L, can
be rewritten in two ways :

b . [
L. =_1_/ |Hezt — Hozp P ds+/ (Hyzd — H_z7)dvi+
2 Jg 4
1 .
+2 / (Hyzt ~ Hoz7)(h, — Hyzt)ds
d
and also:

$ ]
L=~ -2-16-/‘ |Hyzt - H_zD? ds+/d (Hyzt - H_z]) dof
(5'2) ] l 'y
+ ;/ (Hyz} — H_z7)(h, - H.z])ds
d

Define C5 (a,¢) and Ci(a,c) as in section 4, but with the interval [a, b] replaced by [a, e].
Define moreover :

r=inf{t;it=a+let 2 ¢ lype — |l <c}AD -
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where ¢ is the constant which is used for the definition of the event C,.
We want to estimate :

E* [ / lhe - Hyzt? ds;c;(a,e)]
[ '
as well as the same quantity with + replaced by —~. We deconpose :
il. - H+2t - il. -— H+5;+ + H+(£T - z;")
where £} is the conditional mean of z,, given Y,, in the following filtering problem :

dz

=[f(@)(tce} + Fezdese}}dl + dwt; zo given
5.3 ]
(53) dy, =E[h(:c,)l{,5,} + Hyzolgse)ldt + dvf’*'; Yo=0

Define Ag = F+2‘ - f(l?.),‘)" = H+23 - h(z,),

tVe 1 tve 2 1 Ve c 1 tVe 2
Z.=exp(/ A,dw,—-é-/ 4\,d3+;_-/ 1,dv,—-§25./ 7,ds),a§t56.
’ ’ e ) e e e

Then Z, = %;—;l}.‘, where ¢ is the initial law on (R, F), and {w}}, {v{'*} are mutually
independent standard Wiener process under Pt.

dZy =M 2, duy + -:j'nZ‘ dvi,t>e; Z.=1
dy: =-:»h(z.) di 4+ dv§
It follows from the theory of filtering that :
42y = S0} = ot rt) dv;

where 2, = ES(Z,/),h} = E"‘(h(::.)/y.)‘,-y,+ = E*(vi/):). Clearly, if we define z} =
E+(I‘/}"), )
dZ, = ;2,(11@? —~h) dvf
. 1 Ve . 1 tVe R
Zg = exp -/ (H+i'.: - h,) dV: -_—— IH+£;|. - h,l2 ds
eJe 22 J,

But Z, = E*(2, /Y:). It then follows from Jensen’s inequality for conditional expectations
and the fact that C{(a,¢e) € V.:
T T
E* (/ |H 2} — h,|? ds; C% (a, e)) <e’E* (/ |Frz, = f(z,)? ds; C% (a, c))
e L] ’

+ & ([ Hoz - Wa) dsiC3(0,0))

It now follows readily from Proposition 4.2 :
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Lemma 5.1. For any €o > 0, there exists k s.t. Ye € (0,¢0),
T
E* ( / |H42} = h,|? ds; C.(a,e) NC(a, b)) < ke HVE
[

and the same result holds with + replaced by —D

We need now to estimate the difference [£} — zF],e < s < b. Note that {z},t > ¢}
and {£},t > e} are solutions of the same linear filtering problein with different initial laws,
- the second one being non gaussian. Let Y = o{y, — y.;e < s < t},t > e. Since Y. and
o(z.) V V¢ are conditionally independent given o(z.), for t > e,

(5.4) £f = EY[E¥(ze/ze, V)]

Define z:’,, = E¥(z¢/z.,Y5). z:’, is the output of a Kalman filter. More precisely, we

have:
dz‘."., =F+:c':., dt + E-lelgH+(dy¢ - €-1H+It" dt),t 2 €; :L'::e =z,

-‘%R... =2F,Rey+1 =€ *(HyRe )’ ,t 2 ;R. e = 0.
Define K, (t) = ¢~ R (H4. It is easily scen that 3ks.t. VL > d,
(5.5) Ky = Ko ()] < ke~ *le.
Moreover,

d(zf - ’-'t,t) =(Fy — € ' Ky Hy ) (2 - z:,) dt

(5.6) + (K4 = Ke())(dye — e 'Hyz?, dl);t > e

¥ - z;"'e =z} ~z,.

Since K4 Hy > 0, it follows from (5.5),(5.6) that there exists k s.t. Ve > 0, Vi € [d, 8],

lz¥ — 2}, < B(1 4+ 2| + |zt ])e /e,

Finally, using (5.4), we obtain that E+ f: |zt ~ 2} dt < ke~*/¢, Ve > 0 and for some k. .
‘Since P¢ and Pt coincide on a subset of By(a,b),

. N
P ({-:- [ 1t - atpas> 9}nCi(a.b)) <P*(B3(a,6) N Cy(a,b))
. d
1 8 '
et / |ef — 5P dt > )
R d

It then follows:
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'Lemma 5.2. For any 8,60 >0, there exists k > 0 s.t. Ve € (0,¢€0),

3
P* ({-el-/d |z} -z} |2 ds > 6) nC_‘,,(a,b)) < ke HVE

From Lemmas 5.1 and 5.2, and the analogues with + replaced by —, we deduce:
Lemma 5.3. For any 8,e0 > 0, there exists k > 0 s.t. Ve € (0, €0),

d
P* ({% /d |h, — Hyz}? ds > 6) nc;(a,b)) < ke~kIVE

and

)
P* ({% /4 |h, = H_z7|* ds > 6) ﬂCf_(a,b)) < ke~EIVE

Theorem 5.4. Veg > 0,3k > 0 s.t. for any ¢ € (0, &),

P ({L. <0} NC%(a,b)) < e H/VE

and

P({L¢ > 0} NC%(a, b)) < e~¥/VE,
The proof of the theorem relies on the following Lemma:

Lemma 5.5. Let 2y, = Hyz} — H_z7;3a > 0s.t.Veg > 0,3k s.t. Ve € (0,€0),

5
P (e"/ 22ds < a) <e ke
e

Proof of Lemma 5.5 (outline): We have:
dzy =(Fy — e 'H_K_)2, dt + (Fy — F_)H_z; dt
+(HoK, - H_K_)[i'i‘—f*“i dt + dvf]
dz, =(Fy —e 'H K,)z dt 4+ (F, — F_.)H_z] dt

. +(He Ky - H-K_ )[-'ﬁli—’i dt + dvf]

It follows from the variation of constants formula that both on Cy(a,b) and on C_(a,bd),
2; is the sum of three terms z; = zf') + zfz) +z$3), where z,(l) is of order /¢, zfz) is of order
€ and the third one is exponentially small. The first term is the crucial one, which solves:

dz{" = (Fy — e H_K_):V dt + (Hy Ky — H.K_) dvf
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with initial data zsl) having the invariant distribution. By introducing a new time r such
that e = t —e, the required estimate reduces to a large deviations estimate for the ergodic
process in the time scale 7, see e.g. Varadhan [12]D

Proof of Theorem 5.4: Let us prove the first estimate only. We now rewrite L, for the
case w € Cy(a,b) as:

) . )
L, =—1-/ |Hoz} — H_z;|* ds +/ (Hezt — H_z7)dvt
4 d d

’ . 1 .
_ +«-11_e:._/ |Hyz} ~ H_z]? ds+;_/ (Hyz} — H_z7)(h, — He X[) ds
d d '

We first show that the sum of the last two terins is nonnegative with very high probability.
Indeed, it is bounded below by :

b b
2 - 2
r ! . X = —1‘/ IH.'.J:.:. - H-zf[’ ds - "/ lh: - H+Irl° ds.
. 8 J, - € Jd

For any 8 > 0,

‘ _
} o P{X < Ulﬂﬁ(a,b)) <pP¢ ({%/d |iz, - H+zﬂ? ds > 0}(’] '1(a,b))

b
+ P* (-81—5/‘ |Hyozt — H_z7|Pds < o)

It then follows from lemma 5.3 and 5.5 provided 8 is chosen adequately that:
} Pf({X <0} nCi) < e=*/V%, for some k and ¢ small enough.

Let us now consider the first part of L,. Let us define M; = ¢~!/2 f: z, dvs. We need to
' estimate the quantity (M, < — < M >; /4\/£). From Lemma 5.5, it suffices to estimate

3 P<(A), where

: A= (M < —<M> [4/e}[ (< M > o}

! Using the facts that E€[exp(AM; — (A?/2) < M >()J=1and on A, if A < 0:

| L AM = (0%)2) < M > [-A/4VE = X /2] < M >> [-A/4VE — X* /2]

Now chosing A adequately we have that for any k£ > 0 and € small enough,
PE(A) < e HIVE

|
! The proof is complete
Therefore, knowing that we are on C, L, is a good test statistic to decide whether
]{ : we are on C%(a,b) or on C*(a,b), i.e. essentially whether {z; > 0,a <t < b} or {z, <
‘ 0;a <t < b). Note that Lemimna 5.3 proves that z} (resp z;) is then a good estimate of
z,,d <t < b. It follows moreover from the above that the variance of the conditional law
is of the order of €.
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6. Summary of the procedure in the first case, and the general case.

Let us first summarize the procedure in the case studied so far of two intervals with
H. H_<0O. _’

1- At each time ke, k € IN, we compute e"[y(H.,), ~ Yk}, and check whether or not
its absolute value exceeds a given quantity c.

2- As soon as the first test is positive over a certain time-interval, we start running
the L.-test, possibly in a sequential way .

3- As soon as we have an answer from the L,-test, we follow the corresponding Kalman
filter (one might continue to run the L,-test, in order to correct a possible wrong decision).

Note that before we get any answer from the tests, the estimate of z; is zero. During
a given time interval, this is not a very good estimate. But that situation scems to be
inevitable. Indeed, numerical results (3] indicate that, just after z; has crossed zero, the
conditional density has two peaks on both sides of zero, and it takes some time before one
of the peaks disappears.

The reason why we do not use the results of section 4 in order to build a test for the
choice between {z; > 0} and {z; < 0} is that a test based on the approximation of the
quadratic variation of an approximate derivative of y; would not be very robust. Similarly
one might wish to replace the test based on the values of e"(y(g.,,,), — Yi) for several
consecutive k’s by a test using the outputs of the Kalman filters. Indeed, on can show that
the difference h(z,) ~ H,z} is always at most of the order of \/¢. Unfortunately, due to
the presence of the local time term in the expression for k(z,), we were not able to get a
good enough estimate for the probability of error associated to such a test.

Let us now discuss briefly the case where HL H_ > 0, and the general situation. In
the case of two intervals, IR_ and R, with H H_ > 0, h(z) is one to one, and clearly no
test is needed to decide where is z;. That decision is in that case obvious from the values
of z} and z;. One might also in this case invoque the result of Picard [8] .

Finally, in the general situation, we have to detect each crossing by z, of the local
maxima or minima of the function Ak, and choose among the several Kalman filters which
one to follow. One can either construct L.-type tests only between adjacent intervals, or
else betwen any pair of two distinct intervals, depending on the confidence one has in the
decisions previously taken. The latter obviously depends on the lengths of the various
intervals, as well as the difference between the values of adjacent |H;|’s. Let us finally
remark that for the case of two intervals R_ and IRy, the problem can still be solved if
H; = —H_, provided F; # F_. However the technique is different, and we do not present
it here.
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1 Filtrage aproché pour le probléme non linéaire

discrétisé, avec petit bruit d’observation

1.1 Introduction
On considere le probléme suivant :
On a un signal X solution de ’EDS
dX = b(X)dt + €70(X)dw' , X(0) = ¢ (1)
et on dispose de 'observation vérifiant
dY = h(X)dt + " 7dw?, Y (0) =0 (2)

ott w', w? sont des processus de Wiener standard indépendants et £ est une

v.a. indépendante de w! et w?. Le parametre € est supposé petit et 0 < v < %
On considére la discrétisation la plus simple de ces équations :

Xis1 = Xi+b(Xi)At + "0 (Xe) VAL weiy , Xo = € (3)
e

= h(X:)+ o 4

Yk (X4) WIN k (4)

ol X, est une approximation de X;, (tx = kAt), wy et W, sont des bruits
blancs gaussiens standard indépendants et ¢ une v.a. indépendante de w; et
Wg.

Soit {5(;‘} le filtre optimal pour le probléme discret, i.e.,

Xk = E[Xklyok] ’ Yok = U(yi;i =0,1,.-- ’k)'

Puisque, dans le cas général, la determination de X presente une grande
complexité, on aimerait pouvoir construire une “bonne approximation” de
ce filtre répresentant un compromis entre les couts en temps de calcul et la
précision des résultats. Soit {M;} une telle approximation, A préciser plus
loin, au cours de ce travail. On est interesé par la vitesse de convergence de
M, vers X, quand ¢ devient “petit”. Quand At — 0 on doit pouvoir approcher
le probléme de filtrage en temps continu (1 - 2).




1.2 Construction des Filtres Approchés (cas linéaire)

1.2.1 Xtude de la vitesse de convergence de I’erreur quadratique
moyenne pour quelques filtres proposés

On supposera, dans la suite, que ¥ = 0 et on se situe dans le cas linéaire.
On considére le systéme

Xiy1 = (1 + bAt)Xk + dm Wiy, Xo=¢&
~a, =0 ®
étant £, maintenant, une v.a. gaussienne.

On rappelle le fait bien connu de que, dans le cas linéaire, ’estimation
optimale est donnée par des équations de dimension finie, les équations du
filtre de Kalman :

Yk = hX;y+

Xy = (14 bAHKy_y + PR
7+ B

hAtpy_y
€? + h?Atpy_y
R (1 + bAL) Pk,

2—2, + A?peyk 1

(yx — h(1 + bAt) X,_y)

(ve — h(1+bAt)X,_)). (6)

(1+b6A8) X, +

Pr+ipey = (1+ bAt)zpk“,_l + oAt —

1+ bAt)* ek
= ( - ) Agpklk 1 +¢72At
= + thk -
At k-1
14 bAt)e%prp_
(1 + bAt)%e?prjx s oAt (1)
€2 4 thtpk”‘-l
En outre,
P = Drp Phje-1h”
= e N
%+ Aok
‘3
_ At Pklk-1
- 2
&+ P?orjkr
- €2Pk|k-1 (8)

€2+ h2Atpyy_y
avec les notations:

p 2 E[(X: - X))Y, Pkjk-1 £ E(( Xy - i’m_l)’] et Xypot = E[X,|Ys ™).

Notre but est, ne 'oublions pas, de construire un processus {M,} qui ap-
proche {X,}.




A) On commence par déterminer la covariance de I’erreur de prévision pyx_,
dans une situation stationnaire, ce qui est équivalent & calculer la valeur sta-
tionnaire de la covariance de ’erreur d’ estimation p; (notée p}), puisqu’on
passe d’une & Pautre par I'expression (8).

Soit p, la valeur stationnaire de pyjx-1.
_ (1+bAt)e?p, o,
‘ €2 + h?Atp,
e*p, + h2Atp? = (1 + bAt)zszp, + ole?At + o*hP AL,
h2Atp? + [€? — (1 + bAt)%e® — 0*h?At?)p, — d**At =0
_ —[€® = (1 + bAL)?*e® — 02h2AL?] + 7(e, At)

Ps

2h2At ’
L
ol r(e, At) = [[e’ — (1 + bAt)*e? — S*R2AL + 402h252At2] :
1
= At [[(2b + b2At)e? + o*hPAt? + 40‘2h2€2] ?
= Atp(e, At),
i.e.
_ At[(2b + b2At)e® + 0?R?At] + Atp(e, At)
P = 2RIAL
(25 + b2 At)e? + 0®h? At + p(e, At)
B 2h?

Le gain stationnaire sera donc,
hp,At hAt

‘T 21 hPAty, & Pe -
On notera 8, le gain A I'instant ¢, :
e hAtpk‘k_l _ hAt

k= e? + h"’Atpk“‘_l - e? Pk

B) On considére un schéma qui résulte de (6) en remplagant 4, par sa valeur
stationnaire #, ou, d’une facon plus générale, par une approximation de cette
valeur. Dans la suite, § désignera donc soit 8, soit une approximation de 4,,
selon le cas explicité.

On considére alors le processus {M,} donné par ’expression
My = (1 4+ bAYM, + O(yrsr — R(1 + bAL)M,). (9)

On obtient ainsi,




e e e

Xeo1 — Mo = (1+ AR + Okya(yasr — (1 + bAE)KL) — (1 + bAE)M;
—8(yr+1 — R(1 + bAL)M,)
= (14bAt)(X, — My) + (0141 — 0)yrs1
—h(1 4 bAL) (0rs1 X, - IM,)
Etant donné que 0;,, = 0 + (0x41 — 9),
Xevr =M = (1+bA8)(1 — h8)(Xi — M)
+(Brs1 — O)(yrer — h(1 + DALY K,),
ol yry1 — R(1 + bAt)f(,, 2 vy est 'innovation :
Ev; = K’ pyyi + Z—zt
Soit M = 0, — §.
E((Xii1 = Mii1)?] = (14 5A8)%(1 - hB)2E[(X; — M,)?)
52

= (10)

+ﬂ2+1[h’m+m +

et
2

1—ha=1_ho,+h(0.—9)=;u‘—;f,m‘
Ps

+ h(8, - 9).
ii)
Xk+l - Mk.',l = (1 + bAt)Xk + oV Ath+1 - (1 + bAt)Mk
—0(yk41 ~ h(1 + bAL)M,)
= (1 + bAt)(l - hD)(Xk - M)‘) + oV Atw; .,

[

—8(hoV Atw,,, + Wiry1),

( k+1 m k+1)

. [3
puisque yxi; = hXj 41 + —‘/-Z-—tﬁ)ku

= h(1 + bAt) Xy + hoVAtwey: + \;A—twk“

= (140bAt)(1 ~ B) (X — My) + oVAL(1 — hB)wyy,

€

_‘/ank-#l-
D’ot
E[(Xx+1 — Mcn1)?] = (14 0At)%(1 — hB)’E[(Xs — Mi)?) + 0*At(1 - hB)?
e .
+Eb . (11)




ass . A a
ili) Soit n, =0, — 0, et px = Pe-1 — Po-

Mes1 = Ory1— 0,
hAtpeyye hp,At
e+ thtpk+1|k e+ thtp,

hALE?prik + B2 APy 1xp, — €2ps — K2 Atp1kp.]

(€2 + A2 Atpiyap](e? + R2Atp,]
hAte?

- (62 + h2Atpr, )€ + thtp,]”'k"hl

et

Br+1 = Pi+1jk — P,
(14 bAt)2e®prp-y (1 + bAL)?E?p,
€2+ thtpk,k_l €2 + thtp,

e%(1 + bAt)%e?
= (6% + R2Atpyi_a][€? + h2Atp,] (Prpp-1 = 2.)
(1+ bAt)2et
- (€2 + A2 Atpyk_1](e? + h"’Atp,]uk
(1 + bAt)?et
= (€2 + h?Atuy + R2Atp,|[e? + thtp,]”k
Co
= Cikk + € K

(1+ bAt)%e*
h:At(e? + h*Atp,)
(e + h*Atp,)?

Co

<

e e s

c2

Donc,
M o 1,
k+1 = T ¢, Kk
(3] i + _2.
(51

Suivant un raisonnement par récurrence on trouve ’expression:

k
- ‘o (oK C2
b = k-1 Ho = -c:) =1 Ko
k—1-ii , _k 0yi
Ci1ko Z €;” Gt ey C1io Z(—)' +e2
=0 i=0 ©2

(12)

(13)




b

D’autre part,

M = (0,‘—0,)+(0,—9)
= ﬂk+(00_9)'

C) Soit » @ > 0. Notre but est de faire une discussion de la vitesse

de convergence du schéma (9) pour les différentes valeurs de a.

On rappelle que :

o = (26 + B2At)e? + a?h?At + pa(e, At)

2h2
ol
Pale) = [((26 + B*At)e? + o?h2AL]? + 40%h2Y T
Donc
p. = 0(e*Ve)
et

[p. > c(e* v e)] .

Alors, en supposant que po > O (i.e. la valeur initial de la covariance, p,,
est une constante indépendante de €), de (13) vient que :

[
Mx < (—o)kllo,
C2

ol
@ _ (bt .
P [€® + hicap, 2 , 1.e. ¢g < ¢4, puisque
A2 j_ G _ [ +hlp, — (1+be?)el][e? + hlep, + (1 + be%)e?]
= C2 - [52 + hzeap‘]z

e°[h3p, — be®][e? + h%e®p, + (1 + be®)e?] S0
[52 + h’e“p,]’ U

D’autre part, les formules (10) et (11) donnent :




E[(jf,‘“ - Mk+l)2] = (1- A)E[(Xk - Mk)zl + B+ (14)

k+1
S Z(l _ A)k-kl-iBi ,
1=0
ol
1-A4 2 (1+5e%)?%(1 - hd)?
Bun & af, SR e
B, £ E[(X,- M,)?.
.
E[(Xk+1 — Miy1)?) = (1- A)E|(Xx - My)?+ D
= (1- A" E((Xo - Mo)*) + kf(l - A)**''D
=1
= (1- A E[(Xo - Mo)?|+ D )f:(l - A)*
1=0
SiA>o0,
El(Xis - M) = (1= APV E[(Xo ~ M) + 2 (19)
ol

2
D £ g%(1 - hd)* + 0.

I. Supposons d’abord, pour simplifier, qu’on prend comme approximation
du gain 6, le gain stationnaire 4,, i.e. § = 4, (voir le schéma (9)). On déduira
par la suite les résultats pour d’autres approximations § & préciser.

Dans ce cas 13 :

1-A4 = (1+5be%)*(1 - hy,)?
(1 + be™)?et
(€? + h3e°p,)?




B

et

I‘?-H = [(1 - A)Z]i“HiHI-‘g »

2
i+l < mﬂ.q.

r— ‘ V— -y N — e -
, = -z—: 21_4
Biy1 = 'li+1ﬂ§:&ﬂ
2 ) ?
heot? e? + h%epiyyy
! i [€2 + h2e%piyyy)[e? + hz“'l’-]m“ C
s : h2€a+4 2
‘ [Ez + hze"p,-”l,-][e‘ + h?eap']z Biny
! ‘ et, puisque p;;1j; 2 Py
R2eat A h2eat+t

2 3 _—

2
Y €2
ol H‘+1 = : "
' [Clﬂo TieolB) + 02]

et H, est tel que E[(Xo — My)?] = BHopus.

Reprenant ’expression (14),

E[(Xk+1 — Mi1)?]

< (1- A)E[(Xx - M)*) + B(1 - A" Hevang
< 3o(1- ABI - AV E
= wpiB(1- A)** g:l(l - A)'H; (16)

k
Majoration de la série (Z(l - A)‘H,-) :
k

Hiy, =

=0
r 2
c2 Co
- avec — <1
1 - (gn, t+1 ! c2
€3 ’
ko a T4
L c3
Co
62(1 -
€2

)

B o
Clﬂ.oll — (z‘;) +l] + Cg(l - c—;




2
Cg(l d ‘c'?'
— Cz
= ] Co .
e1po + €a(1 ~ —2) - Cll‘o('g)'“
(43 C2
1
= (e2- o)’ z
2(C1H0 + €3 — ¢o €0yit+1y2
c akeT 0 (29
(c1mo) ( c1ho (cz) ]
(2= Co\3 1
- €1 ko l+"2‘°0 _ (C0yi+1y2
1+ 220y - (2

2 1
a (u — r+1)?

ol
A C2— ¢
a =
Cylo
v & 1425 (17)
Cilo
r £ “ 1
€2
(18)
Avec ces notations,
% ] 2k+1 o
(1-A)H;=a —_——
i=1 o (w—rf)?

On commence par calculer les ordres de grandeur de a et de «.

_ (2 + h*e%p,)? - (1 + be?)%et
- poh?e=(e? + h2e%p,)

Soit Num le numérateur de a.
Num = (e + A%°p,)? — (1 + be®)%*
= [e?+ h%e%p, ~ (1 + be®)e?)[e? + h%e%p, + (1 + be®)e?)

b
= h%%(p, - -’:2-52)[52 + h2e%p, + (1 + be*)e?]

b
e Poura>1,p, - ﬁez = O (), ce qui entraine Num = O (£**%) et donc

a=0(e)

9




Quant A u, on voit rapidement que

(ps — 2€%)[e? + h%p, + (1 + be?)e?
ko(e? + h%e°p,)
1+0(e) et u>1.

u = 1+

On peut faire la majoration suivante :

k+1 1 0 4

r r
—_ < -
g (u - ,..')2 - fz-:l (u _ ,.:)2
©0 rz
< -
- /(‘) (v - r’)’dz
. -11
~ logrua
Donc
k+1 . _1 1
(1 -AYH, < ——+H
im0 logr ua
-11
= a -+ 0
[ogru

L’expression (16) vient alors,

. -11
E|(Xik+1 — Mi1)?] < u3B(1 - A)k“(“l-—— + Hp) .
ogru

Etant donné que

h%e*t  (p, — 5e?)[e? + he%p, + (1 + be®)e?
ﬁ _ [82 + hzeap‘]3 ”0(52 + h2€cp‘)
u (P — €%)[€? + h%ep, + (1 + be®)e?]
14
po(€? + h%e%p,)
h’e"“(p, - %52)[52 + hze"‘p, + (1 + b€°)62]
[ + h?e2p,*[uo(e? + h%e%p,) + (p, — 3re?)[e? + h2e%p, + (1 + be®)e?]]

= 0(Y).

et
-1 1 _1

logr “ 1-1r A

= O(E-(a—l))




on obtient :

Ba

1 a
—t - < t BH, = —=E[(X, - Mp)?. 19
—logr_c € 0 ul (%o o)°] (19)

Done,si a > 1,
E[(Xi41 — Miy1)?] < cexp{—c(k + 1)e*~!}
et, puisque x4y = (k + 1)e%,

E{(Xxs1 — Mi11)?] < cexp{—ctisl}

e Pour a < 1, reprenant la formule (14), on obtient:

k+1
A ¢ .
E[(Xk-u —Mk+l)2] < Z(i)k“—'B#?
=0
< B';‘i_:l Coyvk+1-ip €026 2 . < €oy¢
< (;;) (;) Ko, puisque p; < (;) Ko
1=0
car H; <1
2760 \k+1 e i
= W(EMBY(D)
2 =0 c2
B
<

2.C0vk1 2
l‘o(cz) A
avec

h2€a+4
[ + h?e%p,]°
e®[h?p, — be?|[e? + h%ep, + (1 + be®)e?]
[ + h%eap,?
hZet

(€2 + h2e2p,|[h%p, — be?][€? + h2ep, + (1 + be*)e?]

|ty

= O(e* %), puisque h®p, — be® > ¢(c*) .
Done,sia < 1,
E[(j(k“ _ Mk+1)2] < c€4(k+x)(x-a)€4-5a = cellk+2(1-a)-a

i.e.

B|(Xuss — Mess)?] < cexp{[4(%2 + 1)(1 - @) - o] loge)

11




e e

il) Quant A ’écart par rapport au signal {X,}, puisque

2 h a
_ 2.a 2, & €P 2
b = o% [52+h25"p,] +e°[ez+hze"p.]
€a+2

2.2 h2 2 ,
[e2 + h’E“P.]z[a L
gat? [0252
2 _ (€2 + h2e=p,]?

A e°[h?p, — be?{e? + h2e°p, + (1 + be?)e?)
[52 + h2€ap.]2
e?[o%e? + h?p])
[h%p, — be?][e? + h2e%p, + (1 + be*)e?]

_ {O(e), a>1
Tl o), a<1

+ h*p?]

LS

et donc
esia>1,

E[(Xk.u - Mk+1)2] < exp{-—ctk“%}E[(Xo - Mo)2] + ce (20)

esia<l,

LE[(XH, — My1)?] < exp{—ctis1 &} E[(Xo — Mo)?] + ce?=2| . (21)

Remarque 1.1 On peut constater que, quoique soit @ > 0, les valeurs sta-
tionnaires de E[{Xx4+1 — Mi+41)?] et E[{Xis1 — Xx+1)?) sont de méme ordre de
grandeur donc l'utilisation du filtre approché (voir le schéma (9)) est justifiée.

II. On cherche maintenant les expressions plus générales qu’on obtient quand
on utilise une approximation # du gain asymptotique 4,.

Pour la construction de cette approximation on peut procéder de deux
maniéres:

II.1. On utilise un développement limité de p,(€) pour construire une ap-
proximation p de p, et on obtient donc une approximation # de 6,, par § =
hpe®
€2 + h%ep
Supposons que p, — p = O (¢™), m > 1, i.e. p est une approximation de p,
d’ordre ™.

Alors,

12




~w

I1.1.i)

k+1
E[(Xp41 — Mrar)?) < D0(1 - A)1°B;,

=0

oli, on rappelle,

(1 + be™)%et

26>+ h?epyia

T ea

hzsa-ﬂ 2

[€ + h2eepy;_1)[e? + h’e"p]’p‘
< h2€a+4 p2
S v Rep e T e
hzea+l

[2 + h%eap,][e? + h2e=p)? )

1-4A =

B,’-‘:

= B;z? , étant B 2

Donc
k+1 _ .
E[(Xi41 - Mie1)?] € BY_(1- A ¥[p; + ce™)?
=0
k+1 _ . k+1 _ .
< 2BY (1- A1 u? 4+ 2¢Be™ ) (1 - A)FH
=0 =0
k+1 ' k+1 _
= 2By (1 - A)**1~"u? 4 cBe®™ ) (1 - A)’
=0 =0
k+1 _ . B
< 2BY (1- A pl 4 ce?m=
=0 A
e Pour @ > 1, en utilisant les majorations dans le paragraphe C)I., on
obtient:
. k+1 _ ] ) B
E[(Xi+1 — Mii1)?] < 2B Y (1 - AY*((1 - A Hipg + cez"‘i-
i=0
_ k+1 1—-A 2 B
= 23[&3(1 - A)k+l Z[H]'H, + ce’"‘i

t=0
(a) sip,—p>0,alors1 - A>1- Adonc

k+1

E[(Xk...l - Mk+l)2] S 23“3(1 - A)k+l Z(l - A)‘H,’ + CEsz

=0

13
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-

< 2Bui(1- )"“(alo

ol a, u et r sont donnés par (17).

(b) sip,~p<0,alorsl1 - A<1-~ Adonc

. k+1 B
E((Xi41 —~ Mii1)?] < 2Bpi(1— A)**!'Y (1 - AV H;+ce? "
=0
< 2Bul(1 - A)**'(a— - ot Hg) + c? mB .
= 0 lo A
e Poura<l1,
. k1 (1 _ A)?2 B
B[ - Mewa)’] < 23801 - 2+ LA gy coom 2
=0
- B B
< 201 _ AYk+1 mE
< 2u5(1 - A) , T= Ay + ce 3
1-A

Quelques calculs rapides nous donnent:

Bg _ h2€a+4
u  [e? + h2e%p,][e? + h2eep]?
b
(ps — ﬁe’)[e2 + h%e%p, + (1 + be)e?
po(€? + h%e°p,) + (p, - —T—ez)[e + h*e®p, + (1 + be®)e?)
= O(*),sia>1
B B(1 - A)

T U4 T G-A-(a-ar

1-4

hgo+4 (1 + be™)%et
[e2 + hzeap'][ez + h?eazlz [i2 + h?eap]2

(14 be*)%e* (1 + be?)'e®

(62 + h2eop]? - [€2 + h3eep,]¢

h2€a+l
[52 + th"p,th + hZEGBP
[€? + h%ep,|* — (1 + be®)%e'[e? + e
[€? + h2e=p,)*

14




e e s

h3gat+d
= [ + h2ep?[(e? + hcap,)? + e2(1 + bea) (€2 + h?e"p)]
[€? + R2e%p,)®
" (&% + h2e%p,)? — €3(1 + bex)(e? + h%e2p) ’
ol (e® + h%e°p,)? — €2(1 + be®)(e* + h?e™p)
h2ea+2(2p. — p) + h(ezapf — beott — h2€2a+2p

2 ce(a

= O0(e**),sia<1.

(1 + be=)?et

A= e meE
[ + heop]? — (1 + be?)?et
- [€? + h2eep]?
_ [+ h%e®p — (1 + be?)e?][e® + h2ep + (1 + be)e?]
- [€? + h2eap)?
_ €°[A?p — be?][e? + h%e"p + (1 + be)e?]
- [€? + h2ep)? !
ot h*p ~ be? < ¢(e* Ve)
_ { 0(e* 1), a>1
-l ofn), a<l
h2gote
B _ [€2 + h3evp,][e? + h2ep)?
A T eo[h®p - be?)[e? + hPeCp + (1 + be®)e?)
[€2 + h?eap]2
hlet

[€? + h3e2p,][h?p — be?][e? + h2e2p + (1 + be2)e?

- {0(%), a1
- 0(ef%), a<1

On obtient donc les estimations suivantes:

osiaZl,

E[(jfkn - My41)?] € cexp{—ctyy 1} + ce?-1 (22)

15




e sia <1, puisque 1 - A< 0(e!-9),

E[(Xx41 — Miy1)?] < cexp{[4(*£ + 1)(1 - a) ~ a]log e} + ce?m+4-8=

(23)

II.1.ii) D’autre part,

- D
E{(Xks1 = Mias)’] < (1 - AP E[(Xo - Mo)’) + =
ol
e*+?[o2e? + h2p?)
2 [ + h2ep]?
A e?[h?p — be?)[e® + hZe®D + (1 + be®)e?
[52 + hzeap]2
" [h?p — be?|[e? + h2e=p + (1 + be®)e?]
O(e), a>1
0(e*°), a<1’
donc

esia>1,

E[(Xp41 ~ Myy1)?] < exP{"‘Ctk+l%}E[(X0 - My)?| + ce

esia<l,

E[(Xi41 — My,1)?] < exp{—ctrs1 5} E[(Xo — Mo)?] + ce*~2.

C’est en fait le méme résultat qui a été obtenu dans le cas de l'utilisation du
gain stationnaire.

On explicitera maintenant quelques expressions possibles pour 1’approxi-
mation du gain, 8 (ou de la variance, B):

Supposons que A > 0 et o > 0.

16




(2) si a > 2,le développement de Taylor de p,(€) nous donne, aprés quelques
calculs,
pa(€) = 2hoe + O (%)

et donc b .
_9 %92, 9 a s
Po=get+ g + € + 0(c%) .

Si on prend, par exemple,

1. |p= Ze|,ie. p, — p= O(€?) , alors

E[(X. - My)? < cexp{-—ct,%} +ece. (24)

2. |p=fc+ hellsia£ 2 ie.p, —p=0(e* Ve, alors

E|(%. - M) < cexp{-ct,,-z—} + (el v ey .

3. p=#,‘;e+f;e’+i;-e° si2<a<3,ep —p=0(e), alors

E((Xx - My)% < cexp{—ct,,%} +ceb.

(b) si 1 < & < 2, du développement limité de p,(e) résulte:

o o?

o= et e+ O(e? v e ) (25)

donc on peut prendre comme approximation de p, par exemple:

L. [p=%e|,ie, p, — p= 0(c) et alors

E[(j(k - Mk)zl < cexp{—ct,%} + ce?o!

2. |p=%e+ Ze*|,ie., p, - p=0(e? vVe2®!) et alors

E[(X: - My)?) < cexp{—ct,%} +c(e? v ete-?)

17




(¢) si @ = 1, le développement limité de p,(c) est un peu particulier:

2bok s
Pa(€) = ohvV4 + o%h%ec + WE + 0(%),

ce qui entraine:

o o2h? o b bo

- el - — I, P ]
P = (h 1+ — +2)e+(h2+ a’h’)e
2h\1+—

+0(e%) .

On propose, par exemple, les approximations suivantes:

L (p=(fV1+ ”:" + ”2—’)5 | i.e. p, — P = O(e?) et alors

A l
E[(Xs - My)?] < cexp{—ctk;} + e’

o R D bl B
.

et alors 1
E|(Xx - Mp)?) < cexp{—ct,,;} +e€®.

(d) si 0 < a < 1, le développement de la fonction p,(c) devient
pa(€) = o*h%e® + 0(779)

d’ot
p, = ae® + O(ez-a) .

Donc, si on prend |p = o%e}, i.e. p, — p = O(£?°), alors

E[(%: - M) < cexp{[4(t—-':i +1)(1 - a) — o] loge]} + ce*™ .

18
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I1.2. On essaie maintenant de décrire une approximation de 8, sans passer

par le développement de p,(¢).

he (2b + b%e2)e? + 0?h%e® + p,(€)
2 12 o204+ b%c®)e? + 0*h%e™ + p,(¢)
e + h'e Y
€°[(2b + 5%c®)e? + a2h%e® + pa(e)]

h[2e2 + €2[(2b + b%e)€? + 0%h2e® + pa(e)]]
1 1
h + 2¢?

e2[(20 + b%e)e? + o2h2e™ + p,(£)]

4, =

2¢?
£2[(2b + b2e2)e? + o2h2e® + p,(e)]
252-41
(26 + b%e2)e? + a%h%e® + po(e)

o

et  pa(e) > c(e"Vve).

II.2.1 Sia>1,

e? 1
€*2hoe  hoea-1'
puisque p,(c) = 2hoe + O (3 Vv £2-1).

Une approximation de 8, est, par exemple,

DozZ

° = -

On prend donc




Puisque

§o P
_€2+h2€ap’

i.e., pour B # 2, .
be [
" hes(1- h8)  he*-3(1- hf)

ce qui donne, dans notre cas,

b4

_ oe*! _ oe
" he*-%(1 — hoe®-1) ~ k(1 — gheo-1)’

p

on obtient, en utilisant le développement limité de ———,
1~ che*?

p= %e+ o%e® + g3he?e1 4 O(e""‘z)

d’ots
p.—p:c(e“'Vsa) et,sia>2y p‘_p>0°
Donc,

i) de la formule (22), on déduit les estimations suivantes:

— pour 1 < a <2

E[(an - Mk+l)2] < cexp{—ctk“%} + ce?*!

- pour a 2 2,

E[(Xk41 — Mis1)?] < cexp{—ctup1(} + ce®

ii) de la formule (20),0n obtient:

E[(Xp41 — Mis1)?] < exp{—ctip1 X} E[(Xo — Mo)?] + cel.

(26)

(27)

(28)

Remarque 1.2 Une fois encore on trouve des estimations de E[(Xy4, —

M, ,1)?] d’ordre inferieur ou égal & celui de E{(Xy41 — Mys1)?]-

Remarque 1.3 Le schtma correspondant aux approximations (24) et (25)

0€a+l

(i.e. qui utilise le gain § = m) n’a pas d’interét pratique, puisque
ohe

son utilisation oblige a un calcul plus compliqué que celui du schéma qu’on

vient d’obtenir alors que ’ordre de I’erreur associée reste le méme.

20




I1.2.2. Sia<l,

2e2 2 Hi-a)

Do ~ =
o2h2¢2a h2g?

Donc une approximation du gain stationnaire 8, est, par exemple,

a 1
=3

et on peut considérer

Le schéma (9) est alors

1 -
My, = (1+ be*) M, + -’:(yk“ - h(1+ be")Xk)
1
h!lk+1
Les formules (10) et (11) deviennent:

52

Kooy = Myyy = —
k+1 k+1 h[Ez + h2€°pk+1|k]

donc

et

N 2
E[(Xk+1 — Myy1)?) = “hzsa[ez + h2epriap]

i.e.

E[(Xk.’,l - Mk+1)2] = 0(6‘—3") .

e D’autre part,

€ 2
- —w
Yk+1 e% k+1 _ Yi+1
h h
E 2
—heg wk+1 M

Xer1 = My =

Donc

E[(Xk41 — Myyy)? = 2.

21

(yk+l - h(l -+ bea)Mk)

(29)

(30)

(31)



11.2.3. Sia=1,

2¢?
(2b + b%e®)ed + o%h3e? + ohv/4 + 0%h2e + O(£?)
2

ohvitoiht

Quand ¢ — 0, une approximation de 8, est, par exemple,

Do=

=~

1 1
h 2
1 ——
+ ochv4 + arzkie

9° =

ou, plus simplement,

0=

On retrouve le schéma (9) et les formules (30) et (31).

>
.
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1.2.2 Conclusion

On établit les tableaux suivants, lesquels nous donnent les vitesses de conver-
gence A 0 de ’erreur quadratique moyenne pour les différents filtres approchés
qui ont fait ’objet de cet étude, mettant en évidence la dépendance de ces
filtres selon le rapport variance du bruit d’observation versus pas de temps.

e Poura>1

gain du filtre approché

estsmatson de erreur

0, (gain stationnaire)

E|(Xy41 - A{kn)z]

.-c-i—'.
ce .

¢ltohe®t +be

a.ea-l c(e2a—l v ES)
atly eA 3a
1<a<2 1:"“ ;?j:u - c(e3 v eta-3)
¢d4ohe s, el
a$+l 8 _atd
a>2 AM o c(e?*-1 v eb)

2<a<3 ot“*‘+*c°"”+5;‘—“c"'

5

ed4ahedtl 4 heat3y L,"zc’

cE

o

D’autre part, on a:

E[(Xk+] - Mk+1)2] S CC_C.L;LI +ce.

e Poura=1

gain du filtre approché estimation de l’erreur
E[(Xks1 — Mii1)?]
0, (gain stationnaire) ce-ct
1
h ce
a\/1+'—’,“—’+&;£ .
ce
l+h(a\/:l—’351+!%l)
4 l+-lﬂ3+!lh+(.t+ Je
Vi et ey i
1+h(o\ 14+ ZA2 4 228y 4 (54
Vi el

D’autre part, on a:

E[(Xk41 — Miy1)?) < ce et fce.

e Poura<1

23
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gain du filtre approché

estimation de l'erreur

E((Xi41 ~ Miy1)?]

0, (gain stationnaire)
T

cecl.‘ﬂ-(l- alloge

z cs(-Sa
35 g3 Y4l q_ _
;1%;’;%5_7,; cet (l-a)loge + CC‘ Ta

D’autre part, on a:

E|(Xk41 — Miy)?] < cem Wt | cete

24
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1.8 Construction des Filtres Approchés (cas h linéaire)

On supposera encore que 7 = 0 mais on admet maintenant que la fonction
b soit non linéaire.

Pour des raisons liées & ’application d’une méthode de changement de
probabilités, pour obtenir les estimations de I’erreur quadratique moyenne, on
se voit obligé de considerer notre systéme non linéaire sous la forme suivante:

€ (32)

Xit1 = Xe+b(Xi)Ot+oVAtwey, Xo=¢
Yeer = hXi + ﬁvkﬂ, Yo=0

€ étant une v.a. de loi de probabilité p, telle que:
pl
/]p—opo(z)ldz <o, p€C.
0

On suppose toujours que Y est la tribu des observations jusqu’a I’instant
ty :
Yok = (Yo, 1, - 3 Yk) -

On veut étudier la “qualité” de 'approximation
Mk+l = Mk + b(Mk)At + P(yk“ - th) ’ MO =my, (33)

correspondante A une étape de prévision: Xy = E[X,|Y] .

Supposons, en plus, que b est une fonction C? A dérivées bornées.

Commengons par estimer X, — M,.

Xep1 - My = X+ b(Xk)At +oVAtw,,, — M,
—b(Mk)At - 9(yk+1 - th)
= (Xk - Mk) + [b(Xk) - b(Mk)]At + oV Atwg,,

~3(hX i — kM,
(A Xy + \/Evkn k)

= (1= hd) (X, — M) + [b(Xk) - b(My)]At
+0\/A_t(wk+1 - Pi-;vk“) .

Puisque
b(Xk) = b(M,) + b' (&) (X — M),

25
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e A et s ¢

cette expression devient:

X1 — M = (1 — hd + b'(fk)At)(Xk — Mk)
(34)
+oy At(wk“ - 5’-—3;%“) .

Soit At = €%, a > 0.
Tel que dans la section précédente (cas linéaire) on va considerer 2 situa-
tions:

I. On suppose que a > 1. Alors, en analogie avec le cas linéaire, on prend
At
b= o— dans le schéma (33), i.e.

At
My =M, + b(Mk)At + OT(yk.H — th) , Moy=mg. (35)

1.1. Estimation de X, — M,.

L’expréssion (34) devient alors:

At
Xk+1 - M, = (l - O‘h—e—' +b (fk)At)(Xk - Mk)
+ov At(ﬂ)k.g,l - vk+l) .

Supposons que b' est bornée, |b'| < ¢, Vz. Vu que @ > 1 et X; — M, et
W41 — Uk41 Sont indépendants,

(36)

E[(Xks1 — Mi)?) < (1 - ah%—t + b At) E[(Xx — My)?) + 20%At .
Soit

1-A2(1- ohét + ¢ At)?

B £ 20%At .
Avec ces notations,

El(Xus - M) < (1- APFE((Xo ~ Mo)?) + B (1 - A)

1=0

< (1-AME((Xo - M)?) + % . (37)

26



t
A= 1-(1- ah—A;+ eAt)?

t
@h%f—qum-oﬁ%—+qu

At
= O(E) et A> c—
€ €

donc
Z=0()
et (37) devient:
E[(Xis1 — Mp41)?] € cexp{—c™t} + ce (38)
ou, plus précisement,
E[(Xe — M) € e(1- A+ ce (39)

1.2. Estimation de X, — M,.
Théoréme 1.4 Le schéma (85) vérifie:

X - M, = 0(e* 1 ved)
gy sens ot

. E{| % - My|] € e(1V €*9) exp{—ct:k} +e(etved). ()

!On utilisera la notation:
Yy = Oe* ’

ol {¥}x est un processus dépéndant de ¢ et ¢ > 0, pour signifier que:

t
{ B[] < co(1 v e exp{-er 2} + cae” s oy 1,3 >0

On utilisera la notation:

¥y = 0(e9)
pour signifier que: .
E[|%x]] < co exp{—c;?k} + caet.

27
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Preuve

Elle sera divisée en plusieures parties, utilisant des changement de pro-
babilités, une version discréte du Theoréme de Girsanov et la dérivation par
rapport a la condition initiale.

Changement de probabilités.

(a) Le 1% changement de probabilités affectera la loi de v.
On consideére la probabilité P définie par:

dp o
EFI}', =L,
avec
VAt VAt
Lt = exP{E(—Thx— Jvi - -Z(——-e—-hx_l)’}
=1
Soit

VAt Vat

e =wv— (- _;_th—l) ,
ol X;_, est #._;- mesurable.

Ca donne:

Ly = exP{;(@"Xi—l)(gy‘ —£hX--1)

k
T B LUV

h"’At

At X k -
= exp{—;(hzx'-lys - Eh )+ ZX-1) }

= exp{h (ZX-xy, - —E 1)} -

|=1
D’aprés la vérsion discréte du Théoréme de Girsanov (voir ’annexe A),

sous P (probabilité de référance), w; et Atyk sont des 7;-

b.b. gaussiens indépendants. (P est équivalent & P dans chaque
%)
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(b) Le 2*¢ changement de probabilités va affecter la loi de w.

On définit la nouvelle probabilité P par:

dP
—I =A;l,

dP 7
étant

A =exp(d h@(xi—l - M1 )wi - %g{h@()&-x - M)}

i=1

Soit
VAL

Wy = wg — h—'e_‘(xk—l - M,.,),
olt Xx_; — M)_; est %_;-mesurable.
(On rappelle que:
Xer = Moy = (1= 0h=2)(Xi = My) + [B(Xe) - B(Mi) At
+0V AL (wee1 — Vi41) )
Alors

Ak = exp{-— Zk: h—\/;‘é—f(x_l - M'-l)[ib.' + h——\/e_A——t(X-l - M'_l)]

=1

13, At
+3 2R = (X1 — Mina)?}
=1 €

At & . At
= exp{—h-—e— Z(X'_] - ,-_,)w,- - h’y(X--, - M,’_l)z

=1
hlAt *
+53 Yo(Xio1 — Miy)?}
€ i=1
VAt X . hlAt &
= exP{-h'—e"' Z(x'-—l -~ Mi_)b; ~ 2¢3 E(X'-l - M;_,)*}

i=1 =1

D’apris la version discréte du Théoréme de Girsanov,

EAty,, sont des b.b. gauss. ind. et X, vérifie:

Sous P, i, et
At N
X1 = ahT(X,, - M) + Xy + b(X))At + oV Aty . (40)
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La densité de P par rapport 3 P est LyA, donc:

" p—y

V v.a.9 P-intégrable et #;-mesurable,

f Bly|vi] = EP DAl
E[LiAL)Yy)
. Or,
At & hs .,
LAy = exp{h?(gx'-wi- ngs_x)}
vat k . R*At
. exp{--h——— Z(X'_l - .-_l)w; - ?—2‘ Z(X'_l - M'_l)z} .
} € =1 € =1
} Soit
At K h2At X vat X
s 2 hEy X -2y X, - Y2 2 (X = M;_y)ib;
€ 3 2 e € =1
1
h? At X
7 e M)’
4 i.e.
LkAk = expS .
Mais,

X;i—M; = (X'_l — M'_l) + [b(X-;) - b(M-l)]At
+oVAtw; ~ c%f-(y.- - hM;_,)
) = (X.‘-l - M;_; + [b(X.‘_l) - b(M_])]At
1 - At At
+oVAt; + oh—(Xi-1 = Mioy) = 0— (v = hM;y)
| = (14 oA (Xioy - Misy) + [b(Xica) - H(Mc_))Ae

‘ +oV Ati‘i), - a-A?t-(y.- - hM,'_l)

d’olt
i . 1 1 At
i = —==(X; = M;) = —==(1+ ch—)(X;_; — M;_
e a\/Z_t( ) a\/Kf( +o e)( ! 1)

_@[b(x._,) - b(M;_y)| + @(ve - hM;_,).

30




h | Done

fi‘iz:x-l.—"'A‘ZX.- C A K- Mo)-M) ()

2¢? =1 i=1
+—(1 + h—)Z(X-n - M)

hAt &

+..a_§(x 1= Miy)[b(Xio) — b(M;y)]

A S e = M) - A - 5T 2 ica — Mi’
"2"§‘ Y X - o E(X_ - M) (X - M)

+—(1 + ah——) Z(X -1 — Mi,)?

+E & (Xics = Mio)[b(Xio1) - b(M:-)]

th"}_“_,1)(_11\4. L+ h—A—t-EM-x(y- - hM;_,) - h;Azt,Z(X' 1= Misa)?
ﬁgg(x. L= M) [b(Xioy) ~ B(Micy)] - —E(X -1 = Mioy)(X: - M)
+;,—Z(X--x - Mia)* + h;AztEl X2+ (Xiot = Misa)® + 2Xi 1 M; |

l =1

hat
+'—' EM—l(yt - hM;_,)

"—A—‘E(x. 1~ Me)lB0Xics) = (Mior)] = 23Xy = Mey)(X— M)

a-l

h2At hAt
+;‘" E(X'—l - M_;)z % 2 E ZM—l(yt - hM—l)

i=1 =1

-= E(X -1~ Mi)[(Xi — M) - (Xioa = Mioy)]

l-l

+"_“*£ D2 (Xics ~ Mioa)B(Xics) - 8(Mio0)]

hAt

hlae K
ZM-xya 2¢3 ZMi-l .

i=1
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Soit u; = X; ~ M;. On a:

Z("-z -ul,) = Z("-‘ + i) (i — uioy)

i.e.

Alors

z: ui—l(u.‘ -

= ZZu;_l(u; - u.--;) + Z:(ui - "'i—l)2

wir) = 3 D7 - k) - 3 Do - wena)?.

~3on Z[(X M;)? ~ (Xio1 — M;_1)?] (42)

|=l

hAt E(X- — M;_1)[6(X;i-1) — b(M;_4)]

hAt h?At &
E M 1y - Z Mi-x

t=l 2 i=1

+FZ“X M) = (Xiey = Mioy))?

=]

(43)

Remarquons que les 3'*™¢ et 4'*™° térmes du second membre de cette ex-
pression sont Yo“-adaptés et disparaitront donc dans la normalisation.

Dérivation par rapport i la condition initiale

On considére les variables qui interviennent dans nos calculs comme des
fonctions de X, (condition initiale) et des processus i et y;.

Soit Yx = ¥(Xo, Wk, Ys)-

On veut dériver (40) et (43).

Définissons alors les processus

et fixons k.

o0X;
29X,

s Zox = 2k

e

zk ,ZoEl

>
|

an

32



> —p— - -

S— - &

Pour n > k, Z,, vérifie I’expression:

nt At
= — tb'(X;))?
Znk E(l +oh =+ Atb'(X;)) (49)
Zy = 1.
Preuve
De (40) vient que:
A
Xipy = ah-;E(X.- — M) + X; + b(X;)At + oV Bt
done X, At3X,  oX,
i+1 ]
—— t
ax, ~ Ve ax, Tox, T4 "(X)axo
i.e.
At ,
Zi+l = (l + O’h-?- + Atb (X.'))Z;
Z; At
Ziiyr = Z-:l =1+ dh-? + Atb'(X;) .
Par récurrence,
t+m-~1 At
Ziiem= [[ 1+ ah~ + Atb'(X;)) .
,‘-l
Pour n > k,
At
Zn = 1'[ (1+ ah— + At'(X;))! .
i=k
a

On a la majoration suivante:

Si b’ est bornée,

-1

Zu < 1‘[(1 + ohé— ~alt) = (1 + ohA— — e At)~H (45)

i=k

i.e.

at
Zax < cexp{—c(n - k)—'—-—} < cexp{— c—-—}
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D’autre part,

3
X, —=—log (LxAsx) =

h
;(Xk -My)2,_, =

aX;_,
_-"_C-.F—"T[(X M)ax ~ (X1 = Mit) 55—
hAtZ[aX.- (Xees) = b(Mos)]
+(X—l - M-l)b'(X_l)aX‘_ ]
+—§l(x - M) - (Xi_; - l._l)](a_xo - 38}2-01
+"‘§(X— - .-1)(ax" +Atb’(X__,)a;f;‘{;
aXi aX;_,
“o%, T ox, )
h::t § it lb(X. 1) = b(M;_})]
-—Z(X M)Zi_,

ot .

-i E(X-_, - M;_1)[Zi - 2Zi_, — AtV (Xi_1)Z;_4)

+% S 16(Xios) — b(Mi_1)|Zicy -

=1

Expression asymptotique pour X, — M,

L’égalité précédente nous donne:

0
——log(LiA:)

——Z:(x M)Zio1 - 55

e ! ):(X it — M\ J(Z; — 22y — AtV (Xio1) Z:i21)
hat &
t— 2_[6(Xic1) - &(M;_4)] 2,

=1
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—p—— b

Donc

= ——Z(X-I—M_,)Z_,—i

oe .az 3X,
—— Z(X i-1—
t=1

hat X

+— 3 [6(Xio1) — b(M;_y)] Ziy

= —“Z(X-l -

FE S B(Xic) = (M) 2oy —

t—l

t=l

hat &

=1

avec Z_, £ 0.

k
Xe-M, = -3 (Xioy -

=1

+At2[b(X...1) - 5(M;_ 1)]

=1

= - Z(X'-l -

=1

-—l)['—' - 2—

Z-

_ o€ °
-1 hBX

+At Z[b(X_,) = b(M; 1)) Zhgoy - 222 4

h 3X,

Atd'(X;_

log(LkAk)

log(LiAy)

92X,

Z;
1)—+

Zkl

.'_1)(2.' -2Z;4 - Atb'(X-_l)Z,-_l)

log(LiAy) ,

Zi_g
Zk 1

log(LkAk)Zk 1,0

= ;{(X'-l = M )[(Zh-1-1 = Zx_152) = (Zhors — Zi_1i-1)]
+ALB(Xi_1) — b(M;_y) + b (Xi_1)(Xioy — M;_1)]Zx i1}
-—-—é- lOg(LkAk)Zk_l.o .

o€

h 3X,

Zk-l,i - Zk-—l.i-l

Zk-1i-1 = Zp-14_3

= (Zis1i~1)Zh_y;,4

(ﬂh% + Atb'(X'_l))Zk_l';_l
(1-2z

1 -

i=1-2) 2k 141

1

t
1+ ah-Ae— + Atd'(X;_,)

35
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(47)

M )(Zi - 22;., - AY(Xio))Ziey + Zis)

M) Zhori — 2201424 Atb'(Xi_1)Zk-1i-1 + Zx-1;-2)

(46)



h--—--———————-w —

Ghﬂ + Atb’(X.'._z)
= QAt Zk—l,i-h si ‘ 2 2 (48)
1+ ah-? + Atd'(X;_,)

donc
e Pour ¢t > 2,
t
GhA— + Atb’(x;_z)
(Zr-ri-1— Zh_yi-2) — (2 — Ze_1i-1) = eAt Zy_1i-1
1+ ahT + Atb'(X;_5)
At
_(ahT + Atb'(X,-_,))Z,,_l,.--l
Num
= At Zk—l,l‘—l ’
1+ O'h‘—e— + Atb’(x,'..z)
ol
Num £ arh%E + Atd'(X;_,) ~ (ch% + Atd'(X;_,))(1 + ah% + Atd'(X;_3))

t2 2
ohSl 4 AW(Xig) - ohBE _ g2 _ B8
[ & [ €

2
CA(X_y) - ahee—t—b’(x_,) — AP (X ) (Xi_a)
Atz 2
~0™K = A (Xooy) - ¥(Xea)] - ahﬁef-[b'(x-_l) + (Xi_s)]

— ALY (Xi_,)b'(Xi)

A 2 2
O(At'; \% -—:) y dans L" et Num = O(AtvV A—:) , dans L™ .
€ €

e Pour s =1,

(Zh-ri-1 = Zhcriog) ~ (Zhors - Zr-14-1) = Zioao — (2ko1g — Za_1y)

At
= Zk-10 = (oh— + At (X0)) Zx-10

= (1 - O’h% -— Atb'(Xo))Zk_l‘o .

L’égalité (46) devient:

X - M,

k
N
= 2 (Xis1 — Miy)| At — + A6 (§i-1) + V' (Xica))) Ze-1a
=2 1+ ah—e- + AtV (X;_,)
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bt oe 0
+(Xo -_ Mo)(l - Uh‘; - Atbl(Xo))Zk-l'o - T"— lOg(LkAk)Zk_l,o .

aX,
Soit
Num

¢ = At + A6 (1) + b'(Xi_1)) , pours > 2
1 + ah_!‘— + Atb’(X'_z)

$h = 1~ Gh% - Atb’(Xo) .

Alors,
I¢!| S Pi-1 '2 2
ou
Num
Pi-1 = Alt - l + 2¢,At
1+ oh— + Ath(X,_,)

At?
O(—;z— V At), dans L' et dans L™ .

Soit pt.gq. : p;<pViD 1.
D’apres (45),

Za< (14 oh%f - cyAt)~nH)
donc
k k At .
2 E[Xioy - Mi_y||6i|Zhorion] < P_(1+ oh— - oAt~ E(|1X;_, - M;_||
=1 =2

6t t
+(1 - Uh? + cht)(l + dha? - cht)‘("‘l)

Bl Xo — My] .
Puisque
EllX: - Mil] < VE((X: - M)
< [e(1- A) +ce]} (voir le résultat (39))

k k

At .
2Bl Xiiy - Mi_y||6d2u-14m] < ep 20+ oh— —~ csAt)~(+-9
=1

=2

(1 - A) N 4 ee)d
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At
+(1 - C—e‘)kE“Xo — My
k
e (1+ ah% — cpAt)~k-9
=2
(1 - A)3) "+ eV
At
+(1 — CT)"E”XO - Mo”
k
At .
ep{d_(1+ oh—;— — cpAt)~ -9
=2
At .
(1= ah? + e At) !
k At ki
+evEe) (1 + ah? — At)~ (-}
=2

At
+(1 - ¢ =)E(1Xo - Mo

At
ep{(1+ ah? ~ cpAt)~HH

k-1
At At X
[+ oh— — aAt)(1 - oh— + csAt)]’
i=1
+eved (14 ahT — cpAt)'}
=0

At
+(1- CT)"E[IXO — M,

ep{(1+ ahT ~At)FH 31 - (ohﬂ - ¢y At)?)
=1 E

1
At
1-— (1 + O’h? - CbAt)_l

+ev/e }

At
(1= =) E(| X0 - Mol

At
1- (Uh'-e— - c,,At)2

ep{(1 + ah% — At)~HH A7
(Uh—s— - (:I,At)2

t
1+ ohA? — At

}

+C\/E
ch— — CbAt
&
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At
+(1 - C'—e—)kE“XO - Mo”

3
1798 €3
)exp{—ck—el} +ep (50)

e.2

< —_
< e(1+ NT

On aura besoin, une fois encore, de considerer deux cas:

e Sia>2 onap=ce® et (50) devient alors:

k
2 E[Xi — Mi_y||9i]Zk-10] S ce®° exP{—ct—':—l} + ce3
i=1

donc

oe 0
Xk - M[; + Ta_XOIOg(LkAk)Zk—l‘O = O(E%) .

Prenons l’espérance conditionnelle par rapport 2 Y.
Si on montre que:

2
E[EY lOg(LkAk)Zk_l'olyok] = 0 (\/E) (51)
0
alors R
Xk - Mk = O(E%) N

au sens ou
- t
E[| Xy — Mi|] < ce*>~° exp{—p,;"} + cet ;i 6u>0.
On utilise le lemme 1.6 pour prouver ce résultat.

e Sia<20nap=ce?®V et (50) devient alors:

k
ti-
S E(IXioy ~ Mi_y||6:Zk-14-4] < cexp{——c%} +ce?

i=1
done

oe 0O
h X,
On utilise le méme raisonnement du cas précédent.

Encore une fois, prenons 1’espérance conditionnelle par rapport 3 Y.

Xk - Mk + lOg(LkAk)Zk_lvo = O(EG-%) .
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Si on montre que:

]
E[=— log(LxAy) Zu_10YF] = O(e*~3 (52)
08X,
alors .
X — M, = O(Ea_i) ’
au sens ol

t
E[|Xy - My|] < cexp{-p—"} + s e,u> 0.
On utilise le méme lemme pour prouver ce résultat.

Remarque 1.5 Pour a > 2 on a obtenu une estimation valable pour des in-
stants loin de ’instant initial. Neanmoins, on peut aussi obtenir une estimation
valable prés de P’instant initial:

A t
E(| Xy - M| € cexp{-—y:"} +ce;c,u>0, (53)

puisque

A

k k-1 At ‘
r Z E(|Xi-1 — Mi_y||6i| Zk-1,-1] ep(1 + cVe) Z(l + ah—e— - cht)"("")

=1 =0
t At
| +(1- ah—AE— + cpAt)(1 + ah—;— — cpAt)~ D)
.E“Xo—Mo”, carl—AS 1
1 + Uhée—t - c,,At

IA

cp(1 + e\/e)

oh— — CbAt
€

At
» (1= e =) E[1Xo - Mol

A

t
cexp{—c-;"} +ee.

j Lemme 1.8 :
i Sosta > 1.

Soit F un processus adapté (dépendant de ¢), différentiable par rapport &
Xo (Vk=0,1,.--,K).

Alors, si les moments de { 2£-}, sont finis et si Fy = O(c?), pour un certain

g20,
E{Fy= 1og(Lehn)Zs-10(Y2] = —E[2E 20 L olVH 4 0(™) . (54)
’ 34X, o170 ax, ~-hite
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i Pour F, = 1 ce résultat est plus fort que (51) e (52).

Preuve
] On rappelle d’abbord que:

7]
SigeCletget 29 sont des fonction intégrables par rapport i la

dg
/ —dz=0. (55)

l mesure de Lebesgu::, alors

En particulier,

Soit ¥ une v.a. différentiable par rapport & X telle que:

-y

’ Ellw| + |¢”°(x )|+ % n <oo. (56)

Prenons une veérsion y/(z, Wy, yx) différentiable par rapport & z et
posons

9(z) = po(z)¥ (2, Wi, Y1) -
Alors
L Elyy+ ¢‘”° (Xo)li,y] = 0. (57)

On applique la formule de changement de probabilités,

~ d
E[Fk-— log(LkAk)Zk_lvoLkA,,IYo"]
X,

a
E[Fg=log(Lxdi) Ze-10lYd] =

| 0 E[LkAk|Y ]

| E[F io(_"_").z LAy [V

i _ Y Vst
ELoAnYd]

1 BlFso- B ZcsalFS]
E[LgAkl""

Soit
E[Fk (L;,Ak)Zk 1 0|Yo ].
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Puisque

a
ol (LkAk)Zk 10+ Fk

0
m(Fk(LkAk)Zk-n.o) X, (LkAk)Zk—l,o

+Fk (LkA)—Zk 1,0
on a:

[ (Fk(L,,A,‘)Z,, 10)|Ys] - E[F,,(L,‘A,,) Zk-l.olyok]

aFk

—E[ (LkAk)Zk 10l¥s] -

Etant donné que F, (LkAg)Zi-1,0 vérifie la condition d’intégrabilité (56) on
applique (57) pour obtenir:

E[ (Fk(LkAk)Zk 1o|yk] = ‘E[Fk(LkAk)Zk-l 0"(X°)|Yk]

et alors
(;Sk = —E[ (Xo)Fk(LkAk)Zk-lo'Yok]—E[Fk(LkAk) Zk-l.olyok]
aF
—E[ "(LkA,,)Z,, 10|Y5] -
Soit
A d
¢k = E[Fk log(L,,A,,)Z,, IOIYO]

U
_ _E[(LkAk)ﬁ(XO)Fka-l,OIYOk] E[(LkAk)FkaX Zk 10|Y ]

E(L ALY - E[LiAu|YE

dF,
E[(LkAk) kzk 10Y5]

E [LkAkIYo"]

d
= —E[ (Xo)Fka 10lYs] - E[Fk Z,. 10/Ys]

o F,
—E[ kzk 10lY5] . (58)
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Puisqu’on avait supposé qué:

[i& (z)l po(z)dz < 00, po € C*. (59)
e, de (45),

At
Zg1o < (1 + O'h—— - cht)‘("-l)

At
< cexp{-c(k - 1) T }

by
< cexp{—c—el-

; te- ;
on a que le 1’ tdrme est d’ordre ce?exp{—c——} et le 3™ térme est le

membre A droite dans ’expression (54). Alors, il nous suffit de demontrer que:

BlFug Za-sol¥d] = O(e™) (60)

Or, de (44), on a que:
At , -1
Zy-10 = Zr-20(1 + Uh—e- + Atb'(Xx_y))

donc, par indution, on obtient la formule générale pour la dérivée partielle par
rapport A la condition initiale:

Lz, = _Atz:b"(X) (1+ h—+Atb'(X))'

=0

1'[ (1+ ahA— + Ath'(X;))!

=0
n—1 n
= ~At), b (X)(1+ hA + Atd'(X:))!
=0 IO
n-1
I+ ah— + Atd'(X;)!,
j=0
X 1
puisque — ax, =2y = Z.'o
< " A 1 A ! -1
= —AtZ b"(X:) ]'[(1 + oh— + Atb'(X;)) | (1+ ah— + AtV (X))”
=0 J=0
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: ("ff(l rortle Atb’(X,-))")

=0
oty At
= —At Z b”(X,)(l + O'h—e—' + Atb'(X,-))’l
=0
n-1 At
[+ oh— + Atd'(X;))!
j=i
et
8
E_XT(,ZO‘O =0
donc
a = " At -(n—-i+1)
| ===2Zn0] < At B"(X)I(14+ ch— — ¢,Ab)
aXo =0 €
At i )
< A1 + ah—e—- —-at) P (14 ah% - cpAt)™
=1
t
At (1+ oh2E _ csAt)
< A1+ oh-—e— ~ epAt)7? £
1-
1+ O'hﬁt- — cpAt
€
= At)jb")|)(1 + chﬁt- - cpAt)! 1
- € och— — ¢, At
€
< Y| ——— = 0(e) ,
oh?— — At

ce qui prouve (60) et términe la démonstration du lemme.

¢ Enfin, pour obtenir une estimation de I’erreur comise dans une étape de
filtrage, il nous suffit de remarquer qu’une approximation de X, = E[X,_;|Yy]

est donnée par le schéma (35), étant
X - X. = E[X\Y] - E[Xa|YH
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{

1

]
} = E[(b(Xx_1)At + oV ALw,|YE
! = AtE[b(X-1)|Ys)

( e | Xy — Xi| < cAt. (61)
t

;

]

}

1

:

{

!
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A Version discréte du théoréme de Girsanov

Considérons une filtration (%) , k € {0,1,--- K}.
Soient:
e {w;} un F-bruit blanc gaussien pour la probabilité P.
e {pi} un processus F;_;-mesurable (i.e. prévisible) tel que:
K
Yleft <o (Pps.)
4 i=0
e {Z;} le processus définit par:

2, = exP{E?-_-l piw; — ‘;‘Z:‘;l I«D;I’} v k>1
i Z, = 1.

Alors,

1. {Z;} est une martingale discréte.

Preuve

! Z
EZi|fis] = ElZiay u
k-1

[Pl

1
= Zi_1Elexp{prwr — Elmlz}l-ﬁ-x] ,
puisque Z;_, est %, _;-mesurable.
= Zk-l. ’
puisque {w} est un b.b. gaussien et p, est F;_,-mesurable.
et Z, est 7, intégrable.
|

1 On considére la probabilité P définie par:

' dP(w) = Zx (w)dP(w) . (62)
Remarque A.1

i- Du fait que {Z)} est une martingale, vient que:

dP

l-il_,- ?g=Zk-
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2. (Version discréte du Théoréme de Girsanov)

Pour la probabilité P définie dans (62), le processus {w,} défini par:
Wy = Wy — Px
est un b.b. gaussien .

Preuve

On veut démontrer que:

2
Elexp(Awy)| Hi-1] = exp(%—) , VAeR

i.e.
2
Elexp(A @y — '\?)I.ﬂ_x] =1, VYAeR.

Or,

Az
Elexp(A@x — =) Zx|Fe-1]
E[Zx|Fen]

2
Elexp(A@y - i\z—)m‘,,] (formule de Beyes)

Az
E[exp(Awk - A¢k - ?)Zklfk-l]

B k-1 ’
puisque Z, est une martingale et d’aprés la

remarque ci dessus.
A2 1,
= Elexp(Awx — Apx — -2—) exp(prwi — Egok)lfk-ll

= Efexpl(A + eu)wn ~ 500+ o) llr)

= 1, de méme qu’en 1..
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1 Introduction

The purpose of this paper is to provide numerical approximation schemes for the following
abstract stochastic differential equation

d
dug + Aup dt = ZBiung: )
i=1
(1.1)

Y = 1,
where the operator A is unbounded in some separable Hilbert space A. On the other hand, the

operators (By, Ba,---,By) are supposed bounded. The most important example of equation of
this type is provided by Zakai equation of nonlinear filtering.

Similarly to the deterministic case, it is possible to associate a semi-group (actually a stochas-
tic semi-group, according to Skorokhod), with equation (1.1). The approach adopted here is
to build approximations of the stochastic differential equation as approximations of the corre-
sponding semi-group.

In Section 2, basic definition and properties of random linear operators and stochastic semi-
groups are presented, following Skorokhod. A general approximation theorem for stochastic
semi-groups is proved. with error estimates. This theorem can be thought of as an extension of
Theorem 2.2 in Newton [6, p.32], based itself on earlier work by Wagner and Platen [9,10], to
stochastic semi—groups. In Section 3, the existence and uniqueness theorem of {7] is completed
with an abstract regularity result. In addition, the semi-group associated with equation (1.1) is
defined. In Section 4, the following time-discretization scheme is investigated

= t =
Un41 [P¢n+l—‘n \I’t:q.l] Un

ig = 1
where (P; : t > 0) is the (deterministic) semi-group generated by —A, whereas the two-
parameter semi—group (¥ : 0 < s < t) is defined by

d d
v Sexp [ZB,-(Y,‘-Y,‘)—%ZB?U—.;)] .

i=1 =1

This is nothing but a Trotter-like product formula. with the attractive feature that the deter-
ministic and the stochastic part are decoupled. It is proved using the approximation theorem
of Section 2, that @, approximates u,, in the L2-sense, and that the speed of convergence is of
order O(k), where k denotes the time-step. In addition, in the context of nonlinear filtering,
it is possible to give a simple probabilistic interpretation to this time-discretization scheme,
following the approch of [3].
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2

Stochastic semi-groups

In the next two subsections, definitions are given concerning random linear operators and

stochastic semi-groups, following the work of Skorokhod [11,12]. If not explicitely stated, all the
vector spaces to be considered here are separable Hilbert spaces. Let (92, F, P) be the underlying
probability space.

2.1

Random linear operators

Definition 2.1 A (strong) random linear operator from F into G is a linear and continuous
operator from F into L(Q,F ; G). The set of all such operators will be denoted by L2(F,G).

Remark. Let U € L%(F,G). Then only Uz, for z € F, is defined as a G-valued random
variable. In particular, U itself is not a random variable taking values in £(F,G). However

(i)

(ii)

(iii)

The mapping: z — E(Uz) defines a linear and continuous operator from F into G, which
will be denoted by E(U), in the following way

vie F, E(U):2EWU:z). (2.1)
In the same way, the mapping: (z,y) — E(Uz,Uy)¢ is a symmetric and continuous bilinear

form on F x F, which uniquely defines a linear and continuous self-adjoint operator on F,
which will be denoted by E(U*U), in the following way

Vz.y€ F, (E(U"U)z,y)r 2 E(Uz,Uy)g . (2.2)
In particular, this allows to define the following norm in CE(F ,G)
A -
1Ullcxre) S NEWU-UNE k5 - (2.3)
More generally, let U; € £3(F;,Gi) (i = 1,2). For all C € £(G1,G2), the mapping:
(z,y) — E(CU,z,Uzy)g, is a continuous bilinear form on Fy x Fy, which uniquely defines

a linear and continuous operator from Fy to F3, which will be denoted by E(U;CU,), in
the following way

Vi€ FL.Vy€e F,, (E(U;CU)z,y)r 2 E(CUz,Usy)s, - (2.4)

Proposition 2.2 The (deterministic) operator Oy, v, defined by

VC € £L(G1.G2). Oy, 4,(C)  E(U3ClY), (2.5)

is linear and continuous from L£L(G1,G2) into L(Fy, F3).




g

P ——

Proor. By definition

A

1/2 1/2
(00,1 (C)z, ¥)| < (EICUizl,) (ElUayld,)

1/2 1/2
IClziGren (ElhalE,) " (ElU213,)

IA

< Clgier .62 W0l ez(ry 6 N2l c2¢Frnia) 121 19lE: S

from which it follows that

10v,.0:(Clle(r 2y < ICHc(61.62) 101 2R .60) 12l c2(3.6) » (2.6)

which proves the assertion. m]

Remark. It might happen that the estimate (2.6) is not tight enough. Then it can be noted
thatVz € F; ,Vy € I,

(9U1 .Uz(C)Iw y)Fz = E(CUII, U2y)Gg

(CE(Uh)z,E(U2)y)e, + E(C(Ur — E(Uh))z,(Uz - E(U2))y)s,

which gives

1@u, 1 (CMle(r 1y € WCH2(6y.62) EWU N 2A 60y TE(U (8.6
(2.7)

U1 = E(Ulez2(m.61) 102 = E(U2)lc2(Fy.62) ) -

Definition 2.3 Let B C F be a o-algebra. A random linear operator U € L*(F,G) is B-
measurable if and only if Vx € F the G-valued random variable Uz is B-measurable.

With this definition, it is possible to apply a random linear operator to a random vector,
provided they are mutually independent. Indeed

Proposition 2.4 Let U € L}(F.G) and A.B C F be two mutually independent o-algebras. If
U is B-measurable, then it can be extended as a linear and continuous operator from L%(Q,A; F)
into L%(Q, AV B; G), with same norm.

Remark. In addition, the mapping: = — E(Uz|A) defines a linear and continuous operator
from L%(Q,A; F) into L*(Q,A; G), which coincides with E(U).

Proor. First, let z € L*(Q, A; F) be simple, i.e.

n
z=2a.- 14, ., witha;j€ Fand A;€ A.
=1

3




It is natural to set

n
Uz S EUG; 14, ,
=1

which gives

E(|Uz|%) = Y E(|/Uail 14,)

=1

= Y E(IUaifg) P(4:)

=1
< Wiksroy O lailk P(A) = WU|Es(rg Blalf .
i=1
The same inequality holds for all z € L?*(Q, A; F), by density of simple random variables.

For the reverse inequality, it is enough to remark that

E|Uz} , _  ElUsl3

sup =E W2 (F) -

o#zeL3(0.A:F) ElzlF T ogcer
a
Proposition 2.4 allows to define the product of mutually independent random linear opera-
tors. Indeed, let U € L3(F,G) and V € L%(G,H). f U and V are mutually independent, then
the product operator V U can be defined as an element of £L2(F, H). Moreover
WV Ullezrmy < Wllezroy WVlleze.my -

The purpose of the next proposition is to prove a morphism property for the mapping:
(Uy,U3) — Oy, v, defined by (2.4) and (2.5).

Proposition 2.5 Let U; € L3(F;,G;) and Vi € L¥(G;, H;) (i = 1,2). Assume that (Uy,U;) and
(W1, V2) are mutually independent. Then

Ov, v, U, = Ou L, 0Oy, - (2.8)
Proor. Let C € L(Hy, H;). By definition,Vz € F;,Vy € F,

(O, 1y v, a(C)z, YR, = E(CVU2,V2Usy)h,

E(E(Vy;CV1 )iz, Uzy)a,
= (E(U30w, v,(C)U))z,y)F,

= (Ou,t, (Ov, u(C)) z,¥)F, -



2.2 Stochastic semi—groups

Definition 2.8 A (strong) stochastic semi-group in H is a two-parameter family (U? : 0 <
8 < t) of (strong) random linear operators in H, satisfying

(i) foralls<t<u< v, U and U} are mutually independent,

(ii) foralls<t<u, U=ULU;.
The stochastic semi-group is strongly continuous if

(iii) Ve € H;  lim E|Uf, .z - 2lf = 0.

Remark. The independence property (i) makes it possible to define the product operators
appearing in the semi-group property (ii).

The next Proposition gives a sufficient condition for the independence hypothesis (i) to hold.
Indeed

Proposition 2.7 If for all s < t, U} is Y;-measurable, where the two-parameter family ()7 :
0 < s < t) of o-algebras satisfies

(iv) foralls<t<u<vw,

Y{ and Y* are mutually independent,
vy, Ccly,
then (i) holds.

Proposition 2.8 The two-parameter family (Qf : 0 < s < t) of bounded linear (deterministic)
operators in H, defined by Q} = E(U¢), is a non-homogeneous strongly continuous semi-group
in H.
-
Definition 2.9 A discrete stochastic semi~group in H is given by a family (U'-",,,l :1=0,1,-+)
of random linear operators in H, such that forall j < 1, U}«H and U-"H are mutually independent.
The semi~group itself is the two-parameter family (U, : 0 <1 < m) defined by
m-1
Un 2 TI Ul -

=l

By convention Up, S vs .




2.3 Approximation of stochastic semi~groups

The next Theorem is an extension of Theorem 2.2 in Newton [6, p.32], based itself on earlier
work by Wagner and Platen [9,10], to stochastic semi-groups.

Roughly speaking, this result says that, if the one-step error between two stochastic semi-
groups is of order O(k("+1)/2)  then the overall error will be of order O(k"/2), provided the
expected value of the one-step error is of order O(k™/2+1), where the estimations are understood
in the L?-sense.

To be specific,let 7: 0 =tp <t < --- <t <-..- <1y, =T be a partition of the interval
[0, T), with mesh-size k.

Theorem 2.10 Let (U!, ; 0 < !l < m) and (V) ; 0 < 1 < m) be two discrete stochastic
semi-groups in H. Suppose that U}, € L3(D, D) where DCH.

Suppose that the following stability estimates hold for the two discrete stochastic semi-groups

i 162 (4irs—ps
WUiillczp.oy < e2Poltin=td (2.9)
IE(Uf s )llepy < 1, (2.10)
and
Vil ez < edThltini-t) (2.11)
NE(Vi e <1 (2.12)
If the following consistency estimates hold for the one-step error 6, 1 2 : 1~ Vi';H
I6isillc2p.y € @oltivr = t)UHV/2 (2.13)
NE(Siy)llcp.hy € @rltipr — )73+ (2.14)
then the overall error satisfies
NUn = Vallcapary = O(K™?) .
Proor. From the decomposition
Up— Vo= EV‘“ (Ui = VD Ui,
=0
it follows, introducing A; £ Vi+1 (Uj,, — Vi,,) U; that
n-1i=1
Vae H, E|U,a-V,ay= ZElAﬁ|H+2ZZE(AﬁAﬁ)H. (2.15)
=0 =0 j=0

The rest of the proof is divided in two parts.




O Analysis of square terms

By Proposition 2.5, for all & € D

E|Aaly = E(ViY 6, Uia, Vi, Uin)y

= (Ou,u © 65:+1'5=+1 ° GV#"VJ“(I)ﬁ’ @) -

Each of these three components will be studied separately, making use of Proposition 2.2 and
estimate (2.6).

o Vit € L3(H,H) , therefore for all C € L(H,H)
OV':+1'V':'+1(C) € L(H,H),
and

1©ysts yues (Clecarry € ICeqamy Vot 2z e iy < HClleea h(T-4)

e 8!, € LXD,H), therefore for all C € L(H,H)
@6:“'5:“(0) € £L(D,D),

and

194, 41, (Ollew.oy < IClerm Wiaalizap any < NICHcEm) ad(tion = 1) -

o U; € £3(D,D) , therefore for all C € £L(D, D)
Ou,u(C)e L(D, D),

and
2 ¢ .
190,6.(Cleo.0) < ICNe(p.0y IVillza(p.0) < ICllc(p 0y €°2% -

It follows from this first analysis that forall z € D

2 X
ElAily < ad(tiyy - )+ e T-t41) Ppt g1},

IA

agkrﬂ ec’T (’7"‘1’) ,

A
where ¢ = max{0p,vy)-




w—-——————— —

Q Analysis of double-product terms

Consider the following partition of the interval [0, T] build from the original partition x, under
the assumption that j <

0=t tj tiv t tiy tn=T

Using this new partition

1
A= Vit e, Uit U,

; ) 1 i
Aj Vn+‘ Vin V."+ 654-1 Uj .
Therefore, by Proposition 2.5, for all # € D

E(Ain,A;a)y = BV, U UL U, VIRV VI, Ua)y

(OU U, © 0 . o OU{“,V.’“ o 05:“",;“ o GV,:“,V,',"“(I)u’ %)p .

Each of these five components wnll be studied separately, making use of Proposition 2.2 and
estimates (2.6), (2.7).

e Vi*l ¢ L2(H,H) , therefore for all C € L(H, H)
GV':+1'V':+1 (C) E L(H. H) Iy

and
i 2 (T—1t.
nev,;“,v,:'“(c)”c(H.H) S WClleearmn WVt e qm S WCHleqammy T4+

e 6,y € LYD,H)and V¥, € L2(H,H) , therefore for all C € L(H,H)
v, (C) € L(D,H)

and

19s:,, vi,, (Olep.rry < NClleqamy {EG e NEVia leo.m

1651l c2epn) Vi = BV DN c2em.m}

IN

NC N ey {on(tier — t‘.)r/2-:»1

Fao(tiyr — )Tl =R) _ 1)1/%)

IN

102 (40 s
IC e mtinr = Y /*+ a1 + aoype nltin=t)}




e

o Ui*' € £3(D, D) and V/*' € L2(H, H) , therefore for all C € £(D, H)

0 ,V-"“(C) € C(Dq H) ]

U"'+ 1
L]
and

10ys41 vy Moy € ICNean WU ez IV lcaion.mn
< IClep.m es B+ (ti~t41)

o U?

4,1 € L3(D, D) and &, € L3(D, H) , therefore for all C € £(D, H)

Oy, ,,(C) € L(D.D),
and
10us, .51,,(ONlep.py < IC o by INEWE 4 1)leco.0y NE(EL 1)l o,
HUL1 = BUL)ezo.0) 16 allczom}

< NICeqam{e(tiv = ;)72

Fao(tjsr — ;)" HI3(Pom0) - 1)1/%)

< MNONeer.entivr — )2 aa + aoBpedPblosi-t)}

o U; € L¥(D, D) , therefore for all C € £(D, D)
Ou,v,(C) € L(D,D),

and
2
10u,.6,(Clicp.0) < IClIe(p.py 1Uill2z(p,0y < IClle(p.D) €Y -

It follows from this second analysis that for all 4 € D

IE(A:,8;8)1] < {01 + aoBp e2FDl+1-4)} {ay + agyy edilt1-t)}

(tigr - 1) /¥ (b4 — ;)72 eTh(T-ti1) A +B5)ti=t11) BB |2,

< {a1 + aoc e%c’k}Zkr+2 E',c’T lal%) ,

where ¢ £ max(8p,vH).




Q Conclusion

Each of the square terms in (2.15) is of order O(k"*!) and there is n such terms. On the other
hand, each of the double-product terms in (2.15) is of order O(k"+?) and there is n(n — 1)/2
such terms. Therefore, for all 4 € D

E|Ung - V,aaly < ofTk 7 [a[} + {a1 + aoc e3*}2T2%" 2T ja}, .

In other words
NUn = Vallc2pany < C(THET2 .
o

The rest of this paper is devoted to the application of the approximation theorem to the
time—discretization of bilinear stochastic PDE, such as Zakai equation of nonlinear filtering.
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{
} 3 Bilinear stochastic PDE
]

The purpose of this Section is to study the following abstract equation

d
1 du; + Augdt = ZB.-ug dy; ,

i=1
( (3.1)
u =1,

under the hypotheses listed below.

L2 o

& Hypotheses

e (Y;; t > 0) is a d-dimensional standard Wiener process, defined on an underlying proba-
; bility space (2, F,P). In particular, the o-algebras
; Yelo(Y,;08s<t), MEo(Yr-Y,;s<7<H),

satisfy, forall s<t<u<w

Y? and V¢ are mutually independent,

Yivyecly:.

e Let V and H be two separable Hilbert spaces with H identified with its dual, and V
densely and continuously included in H. | - | and |} - || will denote the norm in H and V
respectively, and < -, - > the duality product between V and V’.

Hypothesis [A]: The operator A € L£(V,V’) is an unbounded linear operator in H. In
addition, forall u e V
< Au,u> +Alu? > pllu)? .

There is no loss in generality in assuming that A = 0, i.e.
| < Au,u > 2 pllul? . (3.2)

It follows that —~ A4 generates a strongly continuous semi-group (Py; ¢ > 0) of bounded linear
operators in H, and

i NPl 1. (3.3)

1 Moreover, A has a square root A!/2 given by the formula [2, p.282]

400
41728 % AV2(A 4 A dA . (3.4)
0

For every integer r, introduce D" £ D(A7/?). These spaces are all separable Hilbert spaces,
with norm | - |,. It is assumed that

D(A) = D(4%), (3.5)

11




where A* denotes the adjoint of A in £(V,V"’). According to [5], this is a sufficient condition
for
D(AY?) = D(A*'¥) =V, (3.6)

to hold.
o Hypothesis [B(0)): The operators B; € L(H,H) 1< i < d, and by definition

d 1/2
Bo 2 (z: "Bl'“L(H.H)) < +00. 3.7)

=1

In the sequel, it might be needed that these operators are more regular, e.g. satisfy for
some integer r

Hypothesis [B(r)]: The operators B; € £L(D",D") 1 £ i < d, in which case by definition

d 1/2
A
By = (Z "Bi“C(D',D")) < 400. (3.8)

=]

e Finally, given any separable Hilbert space F, M2(0, T; F) will denote the subspace of those
elements of L3(Q x [0,T); F) that are adapted to the filtration (), : 0 <t < T).

3.1 Existence, uniqueness and regularity results

The following theorem [7] proves existence and uniqueness of a solution to (3.1).

Theorem 3.1 Assume [A), [B(0)] and &4 € H. Then equation (3.1) has a unique solution
u € M?(0,T;V), which satisfies

(i) ue L¥Q;C(0,T);H)),

t d . o4
(i)  |ue® + 2/ < Auy,u, > ds=|g)° + 22/ (Biu,, u,)dY, + Z/ | Bius|®ds .
()} o ()}

i=1 =1

Moreover the following estimate holds, with 3y defined by (3.7)

Elu,f? < Elu,[? 5= . (3.9)

With additional assumptions on both the initial condition & and the operators B; 1 <1< d,
the following regularity result holds for the solution of equation (3.1).

Proposition 3.2 Assume [A] and [B(0)]. Assume [B(r)] and @ € D" for some integer r. Then
the unique solution u of equation (3.1) satisfies

12




u € M2(0,T; D) n L¥(;C([0,T}; D)) .

PrOOF. The proof presented here is adapted from [1]. In fact, it will be proved by induction
with respect to r, that

If [B(r)] holds and & € D" ,
then v 2 A™/2y is the unique solution in M*(0,T;V) of

dvt + Av, dt

d
3" A2Biu, dY;
i=1
(3.10)
Vg = Ar/21—‘

and therefore satisfies

(i) ve L¥9C([0,TH)),

t d st )
foef2+2 /0 < Avy,vy > ds = |A?af+2 Y /0 (A2 Bu,,v,) dY;

=1

d ot
+3 [ 147 Bt ds

i=1

()

The assertion holds for r = 0, by Theorem 3.1.

Suppose now that it holds for a given integer r, and asume that [B(r+1)] holds and T € D™*1.
A fortiori @ € D" and also [B(r)] holds by interpolation. By induction hypothesis, it follows
that u € M%(0,T; D™*1).

Next, define J, £ (I + €AY?) and J; £ (I +€A*Y/?)=1, Property (3.6) implies that both
J, and J? belong to L(H,V). Therefore, J; itself belongs to each of the three spaces L(V', V'),
L(H,H) and £(V,V), and so does AY/2J, = (I — J.)/e. Now, for all v € V

A2 ], Av = AAV? )0 (3.11)

since this equality obviously holds for any v € D(A) by (3.4), D(A) is dense in V, and the
operators on both sides of (3.11) belong to L(V, V).

Define next v* 2 AY2J,y where v is the unique solution of (3.10). First v* = J Alr+1)/2y
and since u € M?(0,T; D™*?!) it follows that

v¢ — AU 2y in M%(0,T; H) . (3.12)

On the other hand, since A!/2J, € L(V', V"), it follows thai v* satisfies

d
Z J,A('+1)/235u, d}}‘t

=1

dvi + AV2J, Av, dt

(3.13)
v§ = J AU 2g

13
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Using (3.11) gives
d
dvf + Avfdt = J.4;dYy

i=1
with ¢} £ A+1)/2B4,,,

Since B; € L(D™',D"™*1) for 1 < i < d, and u € M?(0,T; D™*'), it follows that ¢' €
M?(0,T; H) and therefore J,¢' — ¢' in M3(0,T;H). Also v§ — A"+V/2q in H. It is
now easy to prove, along the lines of the proof of Theorem 1.1 in [7], that any subsequence of
(v : € > 0} is a Cauchy sequence in both A7%(0,T; V) and L2(Q;C([0,T]; H)). But in view of
(3.12) the limit has to be A("+1)/24, o

Moreover the following estimate holds, with g3, defined by (3.8)

Elucl? < Efu,|? %9 (3.14)

3.2 Associated stochastic semi-group

Theorem 2.1 allows to define a two-parameter family (U7 : 0 < s < t) of linear operators
from H into L¥(Q; H) in the following way: for all & € H, U?u is the value at time t of the
unique solution of equation (3.1) starting from the initial condition % at time s.

Obviously, the following properties hold

e the linear operator U} is continuous from H into L?(Q; H), by estimate (3.9),
e for all 2 € H , the random variable U is J/-measurable,
eforalls<t<u,U:=ULU;,

eforallzae H , klirél+E|U,‘+kﬁ — @|$ = 0, by property (i) of Theorem 3.1.

Therefore

Proposition 3.3 The two-paremeter family (U? : 0 < s £ t) is a strongly continuous stochas-
tic semi-group in H, with first two moments

E(U{) = P, (3.15)

IA

W02 Ny < e3980-9 (3.16)

where (P; : t > 0) is the (deterministic) semi-group generated by —A, and (g is defined by
(3.7).

Again, with additional assumptions on both the initial condition ¥ and the operators B;
1 € ¢ £ d, more precise results are available

14




Proposition 3.4 If (3.8) holds for some integer r, then the two-pareameter family (U : 0 <
s < t) is a strongly continuous stochastic semi-group in D”. Moreover

U2l c3or.pr) < e¥5FC-2) (3.17)
where B, is defined by (3.8).

Remark. Estimates (3.16) and (3.16) are mere restatements of estimates (3.9) and (3.14) re-
spectively.

From the perturbation representation

dt t .
Ul =Pey+), | P--BUdY; (3.18)

i=1"2
the following estimates are easily derived

WU — EU 2y < (5262 - 1)1/?

(resp. [[Uf = E(Uczpr.pry S (5709 —1)1/2 ) |

using (3.3) and (3.7), (3.16) (resp. (3.8), (3.17)).
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4 Some product formulas

The purpose of this Section is to propose and study time-discretization schemes for equation
(3.1).

d
d‘llg + Au, dt = ZBiug d},t' y

=1

u = .
Remark first that two operators are involved in this equation

e the unbounded operator A, with a deterministic contribution,

o the bounded operators (B, Bz, --,Bg), with a stochastic contribution.

If only A were present (i.e. By = By = ... = By = 0), then the associated semi-group would be
(Py : t >0) i.e. the semi—group generated by —A. On the other hand, if only (B,, B2,-- -, Ba)
were present (i.e. A = 0), then the associated two—parameter semi-group would be

d d
¥ £ exp [ZB;()’,‘—Y,i)-';'ZB.‘z(t—S)] . (4.1)

i=1 i=1

Therefore, it seems natural to consider the following numerical scheme. Let 7 : 0 = tp <
ty <---<t;<--- < t, =T be a given partition of the interval [0,T), with mesh-size k. The
proposed approximation ¥, of u,, — the value at time t,, of the solution to equation (3.1) - is
given by the following recursion

ﬂn"‘l = [Ptvubl-tn q’::+1] ﬂ"
(4.2)

Ug = U

This is nothing but a Trotter-like product formula. A next step would be to approximate the
deterministic operator P, ,,_;, by a simple and computable one, involving only the generator
—A. This is a rather standard part, for which some possible answers are

¢ implicit Euler scheme,

e Crank-Nicholson scheme.

In any case, some desirable properties of any discretization scheme fcr equation (3.1) should
include

¢ decoupling of the deterministic part and the (generally straightforward to deal with)
stochastic part,

16
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e (within the context of nonlinear filtering) availability of a probabilistic interpretation.

The latter issue will be discussed in detail in another paper. In concrete situations, the former
property will make the analysis of complete discretization schemes (i.e. including an additional
discretisation with respect to a “space variable”) quite easy.

The analysis made in the next subsection will show that the rate of convergence of the scheme
(4.2) is of order O(k).

Obviously, the proof of this result will rely on Theorem 2.10. Remark just that the discrete
stochastic semi-group defined by the family (Utt:+1 :1=0,1,---) already satisfies some of the
hypotheses of Theorem 2.10. To prove the needed estimates on the one-step error, one possible
approach would be to use a stochastic Taylor formula like in [6,9,10]. Such a stochastic Taylor
formula would indeed not be difficult to prove in the context of bilinear stochastic PDE, along
the lines of Theorem 2.1 in Newton [6, pp.25-26]. However, it is a general situation in the
infinite-dimensional setting, that Taylor formulas (either deterministic or stochastic) do not
provide suitable schemes. In particular, they are explicit schemes, generally unstable because of
the unboundedness of the deterministic operator A.

4.1 Rate of convergence of order O(k)

Generally speaking, if B; € £L(D",D") (i = 1,2,---,d) for some integer r, then (¥§ : 0 <
s < t) is a strongly continuous stochastic semi—group in D". Moreover

E(¥y) =1, (4.3)

e3P (t=2) (4.4)

IA

N2l c2(pr.pr)

Theorem 4.1 Let u denote the unique solution of equation (3.1). If B; € L(D*,D?)1<i<d
and & € D?, then the rate of convergence of the discretization scheme defined by (4.2) is of order
O(k), i.e. for all u € D?

1/2 s _
(Elu(ta) - wa?) " < C** - Klu]; .

Proor. Consider the two following discrete strong stochastic semi-groups defined by

N N
3 o t 1 o t
Uf+l - Ut.‘...; ’ ‘/'““1 - ‘/tl;'l ’

where A
V=P, .

It follows from (4.3) and (4.4) respectively that

E(V?) = P, , (4.5)

ebBi(t-a) (4.6)

IA

IV llc2(p2,02)
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Now (3.15) and (4.5) imply

E(6!)=0.

According to Theorem 2.10, it will be enough to get some estimates on the one-step error

A i
63+1 =Uin - Via.

By It6 formula

d .
P:_, (1+Z B; \II;dY,‘)

i=1"3

V“S

d t )
Pis+Y, [ Pr Pr_, B; ¥14dY}

i=17*

d .t ) d ot .
= Pt—a + Z Pt—r B.' Vr,dY; + Z: Pt—r (P‘r—s Bi - Bi P‘r-a) ‘I,:- dY; .

i=1"? i=1"?

By difference with (3.18)

d ¢ . d ] ,
slur-vp= Z/ Pis B 82 dY! + Z/ Pi_, (Prs Bi — B; P,_,) ¥%.dY; .
]

i=17?% i=1

Therefore, for all z € H

d t d t
Elstel? <23 E [ Py Bi 852 dr +23 B [Py (Proy Bi= Bi Proy) Wial dr . (4)
=1 s s

=1

}‘ The next step is to get some estimate on (P; B; — B; P;). Since B; € L(D%*, D?*1<i<d,
it follows that (A B; — B; A) € L(D?, H). Introducing, as usual in perturbation problems, the
operator P;_, B; P,. and differentiating with respect to s, gives for all z € D?

t
(P, Bi - B; P)z =/ Pi_y (A B; - B; A) P,xds .
0

! Therefore
(P, Bi = Bi P)z| < ai tz]z s
{ where a
k a; = ||A B; — B Allgp2,ny -
Combining (4.7), (4.4) and (4.1) gives
t t
1 EJ§tz]? < 262 / E|62z|? dr + 20° / (r - 8)? A9 gr 122,
3 s
where
p 1/2
a? (2 a,z) .
=1

Gronwall’s lemma now implies that

"6:‘“53(02‘,,) <c*. at - 8)3/2 .

18
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It can be seen from the proof that if (4 B; — B; A) € L(D!, H), then less regularity is
required on the data. Indeed

Theorem 4.2 Let u denote the unique solution of equation (3.1). Assume that B; € L(D!,D!)
1<i<d and & € D'. If in addition

(AB;-B; A)e L(D',H), (i=1,---,d) (4.8)

then the rate of convergence of the discretization scheme defined by (4.2) is of order O(k), i.e.
for all n € D?

1/2
(Blu(ta) - aa?) " < C* - klah -

19
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1. Introduction

In this paper we shall prove a result about linear, stochastic partial differential

equations and apply it to the question of exact, finite-dimensional recursive compu-
tation of optimal filters. Let {Y(t),0 < ¢t < T} be an IRP-valued Brownian mo-
tion. Throughout, we assume that Y is the canonical process on (1, F, P), where
Q = {f € C([0,T]; IR?), f(0) = 0}, F is the o-algebra of Borel sets of N w. r. t. sup

norm topology, and P is Wiener measure. On JR? define the operator

d d
A= E a""(z)bz—?;i_j + Z b;(z)% + ¢(z),
=1 ¢

i, =1

and assume that a(z) = [a;,;(2)]1<i,j<d is symmetric. We shall consider the solution
P(z,t) to the stochastic p. d. e.

dp(z,t) = Ap(z,t)dt + 2’: hi(z)p(z, 1) dY (1) (1.1)

R0 =6ual) 12

Sometimes we shall write p(-,¢|Y) to emphasize the dependence of p on Y. Suppose
that a set of linearly independent functions {¢1,...,6a} C L3(IRY) is given, and form
the random vector #{™(Y) = ((¢1,2(-,t]Y)),---,(bn, -, t|¥))) on (O, F,P). Here
(¢,%) = [ $(z)¥(z) dz. Our main result, Theorem 1.1, applies the stochastic calculus
of variations, or Malliavin calculus, to (1.1) in the case that A4 is uniformly elliptic

*partially supported by USACCE under Contract DAJA45-87-M-0296




and all the coeflicients are analytic functions. It states Lie algebraic conditions under
which the probability distribution of tﬁ"’ admits a density with respect to Lebesgue
measure on JR" for any n. This result is a refinement of a similar theorem proved
in Ocone[18], in which the coeflicients are assumed to be only infinitely differentiable,
but the initial condition p(-,0) is assumed to be smooth. Introducing the analyticity
condition not only allows non-smooth initial conditions, but also leads to a simpler Lie
algebraic criterion that is easier to check.

To state Theorem 1.1 we introduce the following notation. Let A denote the Lie
algebra of operators generated by 4 = A —1/2 "2 h?(z) and (multiplication by) hy(),
1 € i < p, using the Lie bracket [B,C] = C 0o B — Bo C. The elements of A are all
partial differential operators with variable coefficients. For zq € IR9, let A(zo) denote
the linear space of operators consisting of the operators of A with their coefficients
frozen at z; thus, for example, z;‘-’; € A and z¢ # 0 imply 3‘-’; € A(zo). Also, given
f € C=(R?), {(Bf)(z), B € A} = {(Cf)(zs), C € A(0)}. Finally, let Cy(IR¥)
denote the space of real valued, bounded functions on R which are analytic at each
point of IRY and whose derivatives of all orders are bounded. Also, let H*(IR?) be the
Sobolev space of (integral) order k with norm [|f[[} = 3= 4<s 118° fll2a.

" Theorem 1.1 . Assume that

a(z) > eI for somee> 0 and all z € IR?, (1.3)

a,j(-)s bi(-), (), ha(-) €CY for1<i,j<d,1<k<p, (1.4)
glal .

8o ... 0530 € A(zo) for every multi-index a. (1.5)

Then for any t > 0, for any n, for any linearly independent set {¢,,...,d¢n} C L?(IR%),
the probability distribution of Qs") admits a density with respect to Lebesgue measure.

Section 2 of this paper gives the proof of Theorem 1.1.
Remark. Because of (1.3) and (1.4), equation (1.1)-(1.2) has a unique, adapted solution
satisfying r
E/o Np(t)||ddt < 0 for k < —d/2and T > 0.
Moreover, ja(-,t) € C([0,T); H*(R%)) a. s. for all k, and p(-,t) € C®(IRY) for all
t > 0 a. s. These facts are proved in Pardoux[21], see especially pp.227-228. For this




reason, (@, p(-,t)) is well-defined for any ¢ € Usco H*(IR%). The reasoning used to
prove Theorem 1.1 can easily be extended to show that the theorem is still true if the

condition {¢1,...,$n} C LI(IRY) is replaced by {¢1,...,4a} C H*(IR?) for any k < 0.
We can apply Theorem 1.1 to the nonlinear filtering problem

dX(t) = Y(X(t)) dt + o(X()) dW(t), X(0) =z, (1.6)
dY(t) = h(X(t))dt +dB(t), Y(0)=0 (1.7)

where W and B are, respectively, R' and IR?-valued Brownian motions, X(¢) evolves
in IR?, and Y (t) evolves in IRP. Let a(z) = 007 (z). In compliance with (1.3) and (1.4),
we shall assume

a(z) > el and aj, b;, hy € C}. (1.8)

Let p(-,£|Y) denote the solution to

dp(z,t) = Aop(z,t)dt + i hi(z)p(z,t) dY*(t) (1.9)
1
P(+:0) = 85,(")

where Adou(z) = 1/2 % g5255-(i,i(2)u(z)) = T 52 (bi(=)ulz)). p(-,t|Y) is an uanor-
malized conditional density of X(t) given the sigma algebra FY = o{Y(s), s < t}. In
(1.8)-(1.7) Y is not a Brownian motion, but the measure induced by ¥ on Q is abso-
lutely continuous with respect to Wiener measure. Hence the conclusion of Theorem
1.1 will not be affected when we apply it to (1.9).

Recently there has been interest in determining when conditional statistics, such as
(¢,p(-,t)), do or do not admit finite dimensional, recursive realizations, and Theorem
1.1 has implications for this question. We shall say that the collection of statistics
{(¢i,p(-1t)), 1 < i < oo} admits a finite dimensional, regular sufficient statistic a, if
a:{l — M is a measurable map into a finite dimensional, C!-manifold, such that, for
each i, there is a §; € C'(M; R) with

($irp(+t)) = 0i(a) a.s.

Let

- P(-,t'Y)
0= e i &




denote the normalized conditional density of X(t) given FY. We shall say that
{(¢0'9’r("t))v 1€i<o0,t> 0}

admits a finite dimensional, regular, recursive, sufficient statistic if for each ¢ there is a

8; € CY(M; R) with (¢, n(-,t)) = 0i(a(t)) where
P
da(t) = f(a(t))dt + Y gi(a(t)) dY*(t) (1.10)

for some C!-vector fields f and g;, 1 <i < pon M.

Corollary 1.3. Assume (1.8) and let A be the Lie algebra generated by Ag — Y h?
and hy,...,h,. If A satisfies (1.5), there is no countably infinite, linearly independent
set {¢;, 1 < i < 0o} C L}(IR?) such that either {{¢:,p(,t)), 1 < i < oo} admits a finite
dimensional, regular sufficient statistic for any t > 0, or {{¢;, ®(-,t)), 1 < i < 00, ¢ > 0}

admits a finite dimensional, regular, recursive sufficient statistic.

Proof. The conclusion concerning {(¢;, (-, %)), 1 <1 < oo, t > 0} follows from that

about {{¢i,2(-,1)), 1 £ i < o0} by the identity
PntlY) = oY) expl [ b)) =172 [ o) ol

where hi(s) = [ h(z)n(z,t)dz. To prove the result about {(¢:,p(-,t)), 1 < i < oo},
let us assume that a finite dimensional, regular statistic exists and derive a contra-
diction to Theorem 1.1. Existence of such an a implies that for any n, q»ﬁ"’ =
((D1,2(-12))5- - - s (Pmy P+, 2)}) = (61(a),...,0n(a)). However, because the §; are differ-
entiable, if n > dim M, the Lebesgue outer measure in IR™ of {(0;(m),...,0(m))|m €
M} is zero. Thus QS"’ can not admit a probability density in contradiction to Theorem
1.1.

A simple example in which (1.3)-{1.5) hold is 4 =
zg ¢ {nm,(2n +1)x/2, n € Z}.

Recently, both Lie algebraic techniques and the Malliavin calculus have been in-

18

357" h(z) = cosz, and

creasingly used in nonlinear filtering theory, and we wish to compare these applications
with Corollary 1.2. Brockett and Clark|[4] and Mitter[16] introduced Lie algebraic and




geometric methods into filtering with the insight that, in formal analogy to realization
theory in differential geometric control, existence of finite dimensional, recursive filters
should impose restrictions on the structuse of A. This inspired a lot of work into the
classification of the algebras A associated to filtering problems and into using algebraic
properties to seek finite dimensionally computable optimal filters. A nice survey of
this effort and related topics may be found in Marcus[13]. Also, Chaleyat-Maurel and
Michel{6] and, independently, Hijab{10] rigorously developed the original suggestions of
Brockett, Clark, and Mitter. For example, in [6] Chaleyat-Maurel and Michel introduce
the following notion of universal finite dimensional computability, which we describe
only roughly and in modified form. {p(:,t), t 2 0} (or {=(-,t),¢ > 0}) is universally
FDC with respect to a class of infinitely differentiable test functions S if there is a
system (1.10) with C*-vector fields such that for every ¢ € S there is a § € C=(M)
with 8(a(t)) = (4, 2(-,t)) (8(a(?)) = (¢, 7(-,t))). By comparing the Itd derivatives of
6(a(t)) and (4, p(:,t)) at ¢t = 0, one can derive a relationship between A and the Lie
algebra of vector fields on M generated by f,g1,...,95, 8s long as S is large enough.
For an appropriate choice of S, say all infinitely differentiable ¢ so that (¢,2(:,¢)) and
all its Ito derivatives make sense, it is shown in [6] that dim A(zy) < dim M. By way
of contrast, Corollary 1.2 draws inferences about finite dimensional computability from .
existence of probability densities for Q(,") for any n. This is apriori a much stronger
property and requires the stronger condition (1.5) on A(zo). However, we are able to
weaken the differentiability requirements on ¢ and in the definition of firite dimensional
computability.

Other applications of Malliavin calculus to filtering may be found in the work of
Michel(14], Bismut and Michel[2], Ferreyra[8], and Kusuoka and Stroock[11]. These
authors study the existence and smoothness of p(z, t) as a function of z. That is, they
determine when the unnormalized conditional distribution, as a random measure on
IR, admits a smooth density p(z,t). In this paper, we are using Malliavin’s calculus
to study the measure induced on a function space by the solution of Zakai’s equation.
On the other hand, our work is related to that of Chaleyat-Maurel[5], who studies
continuity of nonlinear filters using Malliavin calculus. She gives conditions under

which conditional statistics are in the Sobolev spaces on Wiener space, but does not




analyze the Malliavin covariance matrix as we do here.

2. Proof of Theorem 1.1.

Ovur proof relies heavily on the analysis of (18], which we shall use without repeating
proofs. For simplicity of calculation, we assume throughout that p = 1. '

We first need to define the gradient operator D on Wiener functionals. Let F €
L?(Q, P). It admits an It5-Wiener expansion

F=ifn®¥",

=0
where each fi € L3([0, T]*), which is the subspace of symmetric functions in L3([0, T]*),
and where fi © Y is the multiple Wiener integral

T T
fioY* = / / fultsy. . ta)dY(t1)... dY (ta).
0 0
Let ID'2 denote the set of F € L?(Q, P) satisfying

3 E(EDIIfallEs < oo. (2.1)
1
If F € ID'3, we may define
D,F(Y)= ik,ﬁ,(...,s) OY*, 0<s<T, (2.2)
1

where fi(...,s) is the element of L2([0, T]*!) obtained by fixing the last variable at s.
Because of (2.1), the series on the right hand side converges in L?(Q x [0, T], P x m),
where m denotes Lebesgue measure on [0, T], and thus D,F(Y) is well defined up to

sets of P x m-measure zero. In fact,

E[‘/OT(D-F)’ ds] = 21: (k| fuliZa-
Next, given F = (F,..., F,) € (ID'?)", we define the Malliavin covariance matrix
of F: r ) ‘
VIFVF = [/ D,FiD,Fids)1 i j<n- (2.3)
Let P o F~! denote the probability ;istribution of F; for a Borel set A C R", Po
F~1(A) = P(F € A). The Malliavin covariance matrix is used to study the regularity

-properties of P o F~!. For example, Bouleau and Hirsch{3] prove the following result.




Proposition 2.1. Suppose that F € (ID'?)" and

VIFVF >0 a.s. (2-4)

Then P o F~! is absolutely continuous with respect to Lebesgue measure on R™.

Proposition 2.1 presents the simplest application of the Malliavin covariance ma-
trix. The theory of the Malliavin calculus shows that moment bounds on the inverse
of VTFVF imply smoothness properties of the density d(P o F~?)/dz. For an in-
troduction to the complete theory and its applications, see Ocone{20] or Michel and
Pardoux(15).

We shall use Proposition 2.1 with F = &{™ to prove Theorem 1.1. Notice that 3™
is adapted to 0{Y(s), s < t}. Therefore, we may replace T by ¢ in (2.3) in discussing

«1»?", and so for the rest of the argument we assume T' = ¢.
Before continuing, we note that it suffices to consider operators 4 in (1.1) of the

form that appear in Zakai’s equation (1.9) modulo a potential term:

au(e) = 3 5o (oe @isulz)) - T g (ulohulz)) - cledule)  (29)
.-"- 1 ] i )

where o(z) : IRY — IR3*4. This is possible because for any a(z) = [a; j(z)] satisfying
(1.3) and (1.4) there is a o(z) € CY satisfying a(z) = ocoT(z). For example, following
Friedman(9], pp. 128-129, we may take o(z) = (1/2x) fi. v/z(a(z) — 2I)~* dz, where T
is a simple closed curve in Rz > 0 containing all the eigenvalues of a(z) for all z € IR%.
Thus, by suitably choosing b and ¢ we can transform any operator of the form in (1.1)
to the form in (2.5). The advantage of (2.5) is that A + c is the forward generator of
the diffusion associated to

dX(t) = b X(t)) dt + o(X(¢)) dW(2), : (2.6)

and we can then represent the solution to (1.1) with the Ka‘llianpur-StriebeI formula
from nonlinear filtering. Suppose that W, and hence X are defined on a second prob-
ability space (R, 7",Q). Extend W, X, and the canonical process Y on (1, P) to
the product probability space (2 x ', F x F',P x Q) by W(w,w')(t) = W(u')(?),




PO

Y(w,w')(t) = Y(w)(), etc. Let Eq denote expectation with respect to Q on QU', let
Xa,(t) be the solution of (2.8) with X,,(0) = 2o and set

U¥,1) = expl MXan() Y ()= 1/2 [ WX (o) ]
= explh(Xao ()Y (#) - / Y (8)h(Xao(5)) dXao (5)

~1/2 [ TR a0 + (oMl (DR (X))

Let p(-,2|Y) solve (1.1)«(1.2) with A given by (2.5). Then the Kallianpur-Striebel
formula, modified by the potential ¢ gives

(¢,p(-,t|Y))=Eq[¢(xs.(t))¢-f°' (XeolNdep(y,4)] for Pa.e.Y.  (2.7)

(2.7) is proved in Pardoux{21] with ¢ = 0, and the method extends easily to non-zero
c. The right hand side of (2.7) is well defined for every Y € 1, and we always use this
particular version of (¢, p(-,¢|Y)).

We are now in a position to calculate the gradient of (¢,p(-,t|Y)) using some
nonlinear filtering theory.
Lemma 2.3. Under the assumptions (1.4), if § € L3*(IRY), (¢,p(-,t|Y)) € D3

and Dy(¢,p(~t]Y)) = 1(0,q(4) EQ[#(Xao(t))A(Xaq(u)) exp{~ [y c(Xaq(s)) ds}L(Y, 8)].
It follows that

/ [Dulds e YW du = / " Bqlé(Xao()A(Xso(u))e™ Jo “XeslN e [y i gy,
0 ]
(2.8)

Proof. By Theorem 3.1 in (17] (¢, p(-,¢|Y)) = X5° fu © Y*, where
faltsy. . ta) = ',-:-!Ea [B(Xag(t))e™ Jo “FeolDop(x, (1)), A(Xag(t0))].

We shall show that (¢,p(:,t|Y)) € ID*? by verifying (2.1). If ¢ € L*(IR¢), Cauchy-
Schwars implies Eq|¢(Xa,(t))| < ||#llLsllg(t)llL2 where g(z, 1) is the density of Xoo(t).

However, g(z,t) solves

%tg =1/ 2% %831(4-'.5(3)9) - 2 5%.7("‘(3)4), q(+10) = buo("),




and, by the analysis of Pardoux|21], pp 227-228, ||¢(t)ilzs < oo for t > 0. Thus, if
M = sup, |(z)| and K = sup, |A(z)l,

beh
fallhs < M Tz 16IEallaoN -

It follows easily that (¢, (-, ¢|Y)) € D13,
Next, by (2.2), Du(, P, t|Y)) = L ga(...,4) @ Y*? for u < ¢, where

a(t11e ey th, ) = Eq[@(Xag(t))e™ Jo FoolDUR(X_ (1)) .. KXoy (t8))A(XKuo(w)]-

By again applying Theorem 3.1 in [17), this time in reverse, we use these expressions
for ga to get the result of the Lemma.

We shall next represent the integrand of (2.8) in terms of an inner product between
p and the solution of a backward stochastic p. d. e. adjoint to (1.1). This will then put
us exactly in the situation of [18], and we will introduce a lemma from [18] to complete
the proof. Let

v(z,r|Y, ¢) =
EQ[#(Xay ())e I+ AXeolDdot [ MXag(a)) d¥(0)-1/3 [} W (Xag(oD) ds | Xoo(r) = 2).

Following the analysis of Pardoux[21], Chapter III,
v(z,r|Y,¢) = e"'(')y(")u(z,rlY, ®) (2.9)

where P

gu(zﬂ'ﬂ', ¢) = -(Ar)‘“(z,fly, ¢) r<t

u(z,t) = ¢(z)eMY ()

and (AY)* is the formal adjoint of AY = e~MaIY(r)[4 _1/243]M2IV(")_ ((2.9)-(2.10) is
the robust form of what appears in Pardoux{21], except that in [20] there is no potential
¢.) Now from the Markov property of X,,

(2.10)

Eq[#(Xao(t))e™ Jo Xeot M en( X, () L(Y,8)] = (v(-,rIY; 8), Aol FIY).

Thus by (28), VT4, (-, 1YWV (b, p(-,tY)) = f¢ (o(-,r{¥; ), A()p(-,[¥))? dr. This
is precisely the type of formula encountered in the analysis in Ocone{18] which was
applied to (1.1) without the added assumption of analyticity. The analysis leading to
Lemma 4.18 in [18] may be repeated with oaly very minor modification to obtain,
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Lemma 3.8. There is a set N C Q with P(N) = 0, such that for every Y € N and
every non-sero ¢ € L3(IR9),

¢
[ tor ¥, 8 ke Y de = 0
implies (v(:,7|Y,$),Cp(-,7|Y)) =0 for 0 < r < ¢t forevery C € A.

Remark. The proof of Lemma 2.2 involves repeatedly differentiating the integrand with
respect to r. Care must be excercised since v(:,7|Y, $) is adapted to the future and
P(-,t|Y) to the past of Y.

Proof of Theorem 1.1. By Proposition 2.1 it suffices to show that VT&{™va{™ > o
a. s., where ‘I’g") = {{&1,P(,t))y- -+, {$ns P(*, t))}. Equivalently, we must show that

¢TvTe{™Mva(™e > 0, for all non-zero £ € R, a. s.

However, since {TVT{VV&{"¢ = VT(T7 &idi, (-, ) V(T €idi, B+, 1)), it is enough

to show
VT($, o Y V(d, p(-, t]Y)) >0 Ve L}(R),p#0and VY ENC, (2.11)

where A is the set found in Lemma 2.2, because P(A) = 0. Suppose to the contrary '
that for some ¢ # 0 and some Y € N°, VT (4, p(-,t|Y))V(d,p(-,t|]Y)) = 0. Then by
Lemmas 2.2 and 2.3, (v(:,r]Y,9),Cp(-,7|]Y)) = 0,0 < r < ¢, for all C € A. Recall that
p(-,r|Y) € H*(IRY) for all k. Similarly, by applying the analysis of Pardoux(21}, pp.
227-228, to the equation (2.10) for u, one finds that v(-,r|Y,¢) € H*(IRY) for all k.
Therefore, we may integrate by parts to find that (C*v(-,7|Y,¢),2(-,7|Y)), 0 < r < ¢,
for all C € A. Taking r | 0 and using (1.2), Cv(zo,0[Y,¢) = 0 for every C € A3,
where A3, is the space of operators formed by freezing the coefficients of the operators
in A®* = {C*, C € A} at zo. It is clear that if A has propercy (1.5), then so does A*.
Hence
Siai
T v(z,0]Y, @) =0 for all multi-indices a. (2.12)

oz}t ... s=20
By applying Theorem 6.2, p. 221, in Eidel’man(7] to (2.10), one finds that v(:,0]Y,¢) €
Cy¢. Hence (2.12) implies that v(:,0]Y, @) = 0 and hence u(:,0|Y, ¢) = 0. But u satisfies
the backward parabolic p. d. e. (2.10), and (AY)* is uniformly elliptic because of (1.3).




m

Theorem II.1 of Bardos and Tatar(1] on backward uniqueness of evolution equations
therefore applies and shows that u(z, t|Y, $) = ¢(z)e*(*)¥(9) = ¢ also. This cor;tmdicts
the initial assumption that ¢ # 0, and completes the proof.
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